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PREFACE 


This hook has been written to meet the requirements of 
the Physics students of the Punjab University appearing for the 
Intermediate Examination. There existed no single book 
giving the elementary portions of Algebra, Trigonometry and 
Co-ordinate Geometry, therefore great difficulty was being felt 
by teachers as well as students in taking out of so many 
different books exactly what was needed. It is hoped that 
this book will remove this difficulty. 

An attempt has been made to stick to the syllabus, but a 
few things have been added here and there, because their 
knowledge has been considered useful for a student of PJiysics. 
Emphasis has been laid on the use of Logarithms by employing 
them wherever convenient in the solved examples. 

The chapter on approximations is meant to acquaint the 
student with the nature of approximations so often used in 
Physics. A friend of mine told me that as a student of Physics 
he was always puzzled to see why one approximation was 
used and not the other. Logarithms have been given a 
place almost in the beginning of the book, because it has been 
considered necessary that the student should begin practising 
them as soon as he starts his work. Graphs have been put 
in a separate chapter on account of their importance. Some 
general observations on drawing graphs have been given to 
indicate the right method of drawing them. It has been noticed 
that majority of students draw false or microscopic curves^ 
because the rules found in books on practical physics being 
not properly understood at this stage are never read with ae 
much attention as they deserve. 

My best thanks are due to my respected teacher and col¬ 
league, Lala Hukam Chand, M.A., B. Sc., Professor of Mathe- 
naatics, for his kindnesf? in going through the manuscript, 

Mr, D. P. Gupta M.Sc. has helped me in revising the 
manmscript and has corrected the proofs of this edition for 
which 1 am specially thankful to him. 

Articles marked with asterisks*^ may be omitted. 


SHIV CHARAN SING: 
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ELEMENTARY MATHEMATICS 

CHAPTER I 

GRAPHS 

1. A graph is a pictorial representation of the variation of 
one quantity with respect to another. Just as no amount of des‘* 
cription can depict a natural scenery as vividly and as truly as 
a jMCture, so nothing can show as clearly and as faithfully the 
changes in one quantity with the corresponding changes in the 
other, as a graph. 

2. The student is probably already familiar with the 
method of representing by means of a graph the vari jtiou of 
one quantity related to another, or the variation of one 
quantity whose value depends upon another. VVe take two 
perpendicular straight lines X'OX and Y'OY intersecting in the 
point 0. These are called respectively the x-azis and the y~ 
axis and 0 is called the origin. X'OX and Y'OY taken together 
are called the a^•ea o/co-Ardmafcss. Distances from 0 measure.! 
along OX and OY respectively are called the abscissae, and the 
ordinates. Distances from O are to be taken as positive, when 
they are measured towards the right from 0 or in the upward 
direction from 0, and as negative when they are measured in 
the opposite directions. We then represent the v ilucs of one- 
quantity along the ar-axis according to a suitaule s:.'ale of 
measurement, and tlien represent the correspondiiig values 
of the second quantity a'long the y-axis. We then plot the 
points corresponding to each pair of values of the two related 
quantities. All the points so obtained are then joined by a 
smooth curve, free of corners; This gives us tlie graph 
representing the variation of one quantity related to another. 
The student must bear in mind the following imi)Oj'tant points 
when drawing a graph from the observations oi an 
experiment:— 

1. The number of observations should not be less * than 
five, the more the batter. 

2. The range of observations should be as wide as possible, 

3. The quantity which is known beforehand, is pre¬ 
determined or is simpler, should form the abscis^^a, and the 
other, the ordinate. 

4. Scales chos.en along the axes to represent the abscissae 

and the ordinates should be liberal enough to give a fdirly* 
large curve. ' 
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■ - •- tKr^ Tinint where the axes meet should 

oj .i» 

“;,iVTrs;v"th. «.« 

*'' iLt:,”'!.* be in the ino„...ng o-Oe, 

.towards the positive directions (right and upwards). 

7 The observations should be written in a regular 
^'i- eior nf the abscissa before the plotting is begun. 

asci nding ord^^^^ be joined by a -plar fre^ 

I lit 1 1 vio'/aff lines The curve should pass bet* 

ix'en TluL’mark” d points and not necessarily through tliem. 

Example. Draw a graph between U.e ^^'^ngs of a^enti- 
grad. aTa Fahrenheit thermometer as recorded below 


99 95 90 


85 

80 

75 j TO 

65 1 60 

! 55 

i 

185 

176 ' 

1 

167 1 158 

\ 

1 

' 149 

140 

131 

122 


210 203 [ 194 

Two lines have been drawn at right angles to each other 

meeting at the left lower corner of the graph paper (see page 

S There are about 50 centigrade divisions to be represented 
^bnp Ihe axis of .r and tlie number of divisions available on 
X paper is just more than half this number. The most 
ooUenient sealc will thus be one in which one division 
represents 2'C. Similarly there are about 90 F in our aet of 
observations and the number of divisions available along the 
axis of V is also a little more than half of it. A simikr scale 
having one division equal to 2”F will be suitable along the 

M'be oi ijiiu lias been denoted as 40 C for the axis 
of i and 120 V for the axis of y. The points (50, 122), (55, 
131) etc. have been i)lottcd and joined by a free hand curve. 
This curve pcprcscnts the required graph. 


The result of failing to observe any one of the rules given 
Above will bo to got abnormally small, meaningless or false 
curves The graph in the inset (see the figure on paged) 
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shows liow a ridiculously small curve is obtained when seated 

^chosen are not liberal enough. 

Interpolation and Extrapolation 

3. When a graph is drawn from a given set of observa¬ 
tions or data, the value of one quantity corresponding to any 
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given value of the other can be read off from the graph. If 
the rtcjuired value falls v/ithin the curve drawn from* the 
given data, the value is said to have been found by 
Interpolation, but if the curve is to be extended oneway 
or the other to get tlie required value, it is said to have been 
found by Extrapolation. 

Centigrade 

Example. Angles of incidence and refraction of rays of 
light passing t,f in ,ur into glass are observed by an experiment 
and tabuiuted !„ low. Find the angles of refraction of rays 
ivliose angles (a iiicidence are 33® an^ 80 ^ 


I 

r 


:.*o® 

13 -2 

30® 

j 10 T. 

40" 

1 

' iT) -4 

1 


9 

; -"-T, 

t;o 

1 

• 'll 


: S -8 

f ’ 1 . 

; :;i t , (..j i 





J. 


i 


20 30^5^0 .^0 60 

Angles oi Incidence. 


• c 


30 


.Vila;,;:;, v .:.:.in; 

timue. ftl>e above 


corresponding to 33® and 

> i . I uicui.irs to the axis of .r at those points, 
anglcoir, h - i-.h. ^ cs the value of the coruesponding 

licnce the gr-pli ha^ beTn**^ nrodil*^!T ?raph, 

I nas neen produced (retaining so far as 
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possible its curvature near its last portion) to meet it at 
P'. The ordinate of P' gives the value of the angle of 
refraction corresponding to 80°. 

The ordinate of P =21*6 and that of P'=43. 

Point P lies on the graph and P' has been found by produ¬ 
cing it, therefore the value 2r3 corresponding to 33° has been 
found by Interpolation and the value 43 corresponding to 80 
by Extrapolation. 

4. By Interpolation the value found is generally correct, 
because the point lies within the range of our observations 
and unless the curve undergoes an abrupt change between 
the two observations surrounding the point, we are more 
or less certain about its path. 

In Extrapolation there are greater chances of error, 
because it is quite possible that the path of the curve beyond 
our last observation may be quite different from the one 
found by producing the curve and thus the true position 
of P' may be somewhere else. 

’ The example given above illustrates this point quits 
well. Beyond 70° the actual graph bends more rapidly,, to 
become almost parallel to the axis of x at 90°. but we 
produce it to retain its curvature between 60° and 90°, which 
portion is yet fairly steep. 

Actual value of the angle of refraction corresponding to 
33°= 21°*8 while that corresponding to 80°=41°*1. 

The value found by interpolation is fairly correct while 
that found by extrapolation though not so is yet a fair 
index of the true value. 

EXAMPLES 1 

1. Draw a graph between natural numbers and their 
equares- Find the square of 2*3 from the graph. 

2. Draw a graph between natural numbers and their 

reciprocals. 

3. The foUowing readings for the E. m. f, and current 
through a given circuit were observed 

Volts 3-4 10*2 15-3 2o'5 30*6 

Amperes 0*2 0*6 \ 0*9 I‘5 2 0 
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Plot a graph, (P. TJ.J- 

4. With an India rubber rod hung at its upper end 
iisd loaded at the lower one, the following series of readings 
were taken : 

Load 4 oz. 8 oz. 12 oz. 1 lb. IJ lb. 

Observed length 28*4" 28*61” 28 8 ” 28*98” 29*4” 

Plot a curve showing how the length varies with the load. 

(P.TJ.> 

5. The following observations were made with a simple 
pendulum :— 

Length 84*3 93*8 101*5 112*6 125-8 cm. 

Period 1-84 1*94 2*02 2*13 2*25 sec* 

Draw a prapli to show the relation between the length 
md the s(piarc of the period. Find the length of Second's 
f>endulnm from the curve. (A Second's pendulum is one 
whioli goes irom one extreniit 3 ' to the other in ore second). 

6 . Tlio following quantities of heat given to 5 gms.. 
nf a solid at its melting point (O'^C) are found to melt it, and. 
raise the liquid produced to the temperatures given below :— 

Therms 410 443 402 545 608 647 

Temp, r 10' 19" 30" 43 ‘ 50'‘C. 


Prepare a smooth graph to show how the heat required 
vanes with the temperature, and calculate fmm the graph 
’lie latent heat and speeific heat of the liquid. (f\U. 1929) 

[Hint. ^ grapli is a straight line meeting the a'-axia 
it about 'lOf) therms point showing that 5 gms. of the solid 
lake this amount of heat for melting only. An ordinate 
•liawn ai .3 where from the graph shows the r^o cf temp, 
ni gms. ot'the liquid, jiroduced bv the number of 
iherrns represented by the distance on the x-axis from 
.50,) therms point to the foot of the ordinate.] 


CHAPTER II 

appboximations and eerob percentages ^ 

1. approximations 

R Sciences depend entirely upon their practical work. 

New facts are fou jjj ^ systematic manner. 

ments, and they a sciences in the last quarter of 

Rapid progress m all ^he scmnces^^ 

a century has been Practical -work in Piiyaics, 

many ®^P®''‘Q^g^^ist^r^*cbiefly and to some extent in all 
Astronomy, c measurements bv instruments of 

other sensitiveness and calculation- from those 

various degrees n theoretical subject, but its 

observations Mathematics i . practical sciences. 

tlJr”. • IVVSo.. .f tb. V„y 

practical problems. 

, ””’n 

and save time by using pb- ^ ^ogs ,iot u»e 

-I ““ " ” 

useless figures in the result. 

ni.«r.«<... s.pp«.. ‘ 

by a metre rod and calculate its area. 

Metre rods are divided "^^ 0 ” fectTon 

and the length mea^red IS Bay 4 

of a millimetre. This traction s accuracy. 

“I” s =n »’vb. f; tirriii 

placTof decimals (4) is not trustworthy. 
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Area calculated from this obscrvation=(4-34)2 = ia*8356 

rquare centimetres. 

Let the true value of the side of the square be=4-33 cm. 
True value of the nrea = (4-33)“ = lS-7489 .square centimetres. 

Li tl.e r -Mili. obtained from our experiment even the 

ir.-t I . ol decimals (8| is not correct. It is greater than 

the IIU- V.due by one. Figures m the second, third and 

louith places of decimals are altogether untrustworthy. In 

Ollier . , detirinino which figures to keep and which to 

lejeet e.e ui;l first find how much error wo introduce bv 
rojcctiii^' them. 


II. ERROR PERCENTAGES 

Il,t practice incur everyday dealings 

that If (here are two quantities, one small and the other com’ 

1 - 0 ^.Isr ' ' ''•7 ’"T fo'' the smaller one 

I or in. (.nice, if we buy some thousands of maunds of a com- 

moditi, ve will not at all mind a differenee of a few chhataks 
f f 7f ■" or the other, but if it is a question 

of the''l i’", ® "p'rinuUf mustSi 

I fw / /■ • * calculating the amount of error 

of pure niathcmatics hnf if 4 ^ i ^ studont 

practical businessman L ordw^fhavla "nn f 

errors are calculated in percentages An the 

2 cm. ( 2.1 mm.) is eq..ivale^:t To an""rrof ofTin 2oT *" 

hurirJn (I, viz., 5%. ^ ^ a 

of the h^Sticle^"''*’''"" Parentage in the illustration 

Area found hy expcrimeiit = 18'8356 sq. cm. 

=18-7489 sq. cm.’ 
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Net error =0 0867. 

There is an error of 0 0867 in 18*7489 


Error Dercenta 2 e= 


U*U«t>7X JUO 


18-74S9 

7- {a) If we use an approximation and keep 
to three places of decimals only, 

the calculated result =18*836. 


=0*47%. 
our result up 


(The fourth decimal figure ffi] has been rejected but as this 
figure is more than 5 the third figure has been increased by one. 
In Qase the figure rejected is 5 pr more the previous figure is 
increased by one and if it is less than 5 no changj is made.) 

The true result = 18*7489 

0 0871 

*’* ^*’'’^^^ 1874 9 ~ x 1QQ = 0 ‘ 47 % 

(6) On using a further approximation and keeping our 
result up to two decimal places only, 

the calculated result =18*84 
The true result =18*7489 

00911 

error=— x 100=0*49%. 

The student might have noticed th'^t in an approxima¬ 
tion up to three places of decimals the error percentage 
remains the same while in the approximation up to two places 
of decimals the error percentage is only 0*02 per cent more. 

If we can save a great amount of labour and time by mak- 
ing approximations and we do not add materially to the error 
percentage, we gain a great deal and lose nothing. Thus it will 
be very economical to use approximations. 

To a scientist the figure in the unit’s place in 83452 is as 
unimportant as the fifth decimal place in *83452 because the 
error percentage in omitting them is the same in both cases 
although it means neglecting of 2 in the first case and of 
0*00002 in the second. 

4 

8. We know that (l+a)2=l-i-2ad-a2. 
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When a is very small, a* will be much ^smaller stilL there* 
fore negligible in comparison with the remaining terms. 

Thus (!+«)“ =l+2a approximately. 

The following examples will illustrate the significance oF 
this approximation. 

Example- Calculate the error percentage involved in using 
the approximation (l+a)^=l + 2a when a=0012. 

Approximate value = 1 + 2 x 0 012 = 1*024. 

True value - 1+2 X 0-012-f (0*012)2= 1-024144. 

Net error =0*000144. 

OOOOU4 nA.o/ 

Error percentage ^1 024144^ 100=0*01%. 


This error percentage is hardly appreciable. 

Rule- Whenever a quantity is equal to the sutn or difference 
of other quantities^ some of which are extremely small compared 
with the otherSy the smaller ones may be neglected. 


Caution. We cannot neglect a small quantity if it 
multiplies or divides another. 


For instance, if we omit 


10000 ^ 10000 


we get the 


result 84567 instead of 8*4507 which is evidently absurd, 
because it is ten thousand times the- correct result. 


9. It is not necessary here to describe the detailed arith* 
metical processes for approximations, because it is a mere 
waste of time to make long calculations in practical sciences by 
direct processes of arithmetic. A very convenient method of 
calculations i-s given in the next chapter on logarithms. This 
automatically contains approximations. 


SOLVED EXAMPLES 

Example 1. The tiue length of a straight line is 10*23 cm. 
and it is mensured by an experimenter to be 10*22 cm. Calcu¬ 
late the error percentage in {a) the actual observation, (6) the 
area of a square, and (c) the volume of a cube having the given 
line as its side. 

(o) The error in the observation=0’01 
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Error percentage 


0*01 

10*23 


X 100=0*098%. 


(6) Area calculated from this observation 

= (10*22)2= 104*4484 sq. cm. 
True area ’ =(10*23)2=104'6529 sq. cm. 

Error percentage “1046519^ 

(c) Calculated volume =1067’463 c.c. 

True volume=1070*599 c.c. 


o.iq^ 

Error percentage ~ 1 ^0*599 ^ 

It will be noticed that in the square, the error percentage 
is just about double, and in the cube it is about three times 
that in the original observation. 


Example 2- Show that j- 

X is very small. 

By actual division - 

1 —a; 


_ =zl-\-x approximately when 

—X 

= .; X is small, 


therefore x^, etc. are negligible. 

Hence — =l+x approximately. 

1—X 


EXAMPLES n 

1. (l+^) = (l-fa)2. Show that p=2« approximately 

when <x is very small. Calculate the error percentage involved 

in this .'pproximation when ci=0 000012. (Co-efficients of 
superficial and linear expansion). 

2. ]_py = (i-f-^)3. Show that y=3ff approximately. Eind 
the error percentage in this approximation when a is the same 
as in the last question (co-efficients of cubical and linear 

expansion). 

, 3. l-fa^=(l-f^^)(l-l^fif^)• Show that <x=P-\-g. w^ien 

and g are^ very small and t is not very large. (Co-efficients of 
real and apparent^ expansions.) 
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4. Show that 


1 


1-f*^ 


= approximately, when x is very 


small. 

5. How much error percentage is involved in putting 

'/l+a:=l + |a; when the value of .t=0*006009 ? 

T 


6 . 


(tti+w) ^ — 


w 


m T 

y-1/ ^ approximately wlien w is 

^all. Calculate the error percentage wh^n »i = 120 gm., 

^==96 gm. minutes. minutes and «'=4 gm. (Specific 

heat by cooling method). 


CHAPTER III 


LOGARITHMS 

a very useful tool in the hands of 

a scientist for making calculations, corroet up to the required 
degree of accuracy, m the shortest possible time. They are as 

uselul and indiapensable for a student of science as arithmetic 
IS for a shopkeeper. 

the hli'e i^n'led the logarithm of n to 

the base «. It is written as loga/i 

logan=3: expresses the same relation ns a-^=». 

ie Logarithm of a number to a given base 

be eoualtrTff ‘"“St ^»ised to 

oe equal to the given number. 

log 3 81=4 because 3'* = SI. 
log2 32=5 25=32. 

general relations 

12. ( 1 ) The logarithm of unity to anv base U he. 

cause any quantity raised to the poLr zero is equal to ! 

a“=l. loga 1=0. 

(2) The logarithm of the base itself is 1. 

“*=o. loga a=l. 
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^ (3) The logarithm of the product of two or more numbers 

IS equal to the sum cf their logarithms. 

Let logo m=z ; loga n=^y ; loga -p^z ;. 

then ;.(By definition) 


w^xnxpx.=a3^Xa^Xa^X. 

*“ 8 “ (mXnXpx .)=a:+2/+2X.(By definition) 

= IogaW+logo 7i+logo?>+. 


(4) The logEi ithm of a fraction is equal to the di^erence 
between the logarithms of the numerator and the denomi- 
nator. 

, Let logo m — x and loga 
then m—a^ and n=aV 


m 

= —=a^-y 
n ay 

t 

2/=log« m—loga n. 

(5) The logarithm of any power (integral or fractional) of 
a number is equal to the product of the index of the power 
and the logarithm of the number. ' 

Let loga 

then m—a^ 

logff 'mr = rx=r log^ m 
log., m^=r log; w?. 

13. The 1 cgarithni of a number to any base is not usually 
an integer. It consists generally of an integral part and a 
fractional part expressed in decimals. Further, as will be seen 
below, the logarithm of any number less than one to a base 
greater than one is negative. In such a case it is convenient 
for purposes of tabulation that the fractional part of the 
logarithm be kept positive. Thus, if the logarithm of any 
number be — 1*43G7, we write it as 

-l*4367 = --I-0*4367 = —2+1—0*4367=—2+0-5633 

- =2*5633. 
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The bar above 2 denotes that 2 is to be taken witli the 
negative sign and the decimal part *5633 is to be taken with the 
noaitivc sicn. By this convention the logarithms of all numbers 
Ire exprcLd in such a way that the decimal part of the loga¬ 
rithm is always positive ; the integral part is positive or nega¬ 
tive according as the logarithm is positive or negative. 

Def. The fractional part of the logarithm after being 
made ])Ositive is called the mantissa, and the integral part of 
the logarithm, when the fractional part has been made positive, 
is called tlie characteristic. 

Examples. <0 Logarithm = 2-3584. manti3'a = '3584, charac- 
teristic=2 ; (ii) logrtrithm = 0-47(>l, inantissa = *4761. charac- 

; (I'ii) logarithm=-0*7085= 1-2315. mantissa=*2315, 
characteri3tic=-l : (ir) logarithm=-1-4307=2 5633. mantissa 
= •50:13, charactcristic = —2. 

COMMON LOGARITHMS 

14 Number 10 forms a very emvenient base for calcula¬ 
tions with the help of logarithms, because 

(t) rhe characteristic of the logarithm of any number can 
be determined by inspection. 

{ii) If tlie logarithm of any number be known, the loga¬ 
rithm of the multiple or submultiplo of that number by any 
integral power of 10, can be immediately determined. These 
points are illustrated in Arts. 15 and 10 below. 

15. (1) ^ 10«=1 

10 ^ = 10 
103=100 
103 = 1000 

{a) All the numbers greater than ! and having one digit in 
their integral pans (4-3. 81, 0 8, etc.) lie hotwoen 10° and \0\ 
ihereforo logjj, (4'3, 8 1, 0 8, etc.) lie between 0 and 1, uu,, it is 
o(iual to O-i* a decimal fraction. Thus tlie characteristic of the 
logarithm cf a number with one digit in its integral portion is 0. 

(/i) All the numbers having two diiiits in their inte-iral 
parts (35-9, 64-32. 93-0. etc.) lie between lO^ and 103. therefore 
the logarithms of numbers with two integral 'digits are 1 h. 
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'Thus the characteristi-- of the logarithm of a number having 2 
digits in its integral part is 1. 

In general the logarithm to the base 10, of a number 
greater than unity and having digits in its integral paxts has 
w—i as its characteristic. 

( 2 ) 

10-> = T 
10-2= 01 
10“2=001 

(a) All the numbers less than one and having one zero 
after the dtciraal point ('02, '034. etc.), being greater than *01 
and lo 53 than 'L lie between 10"^ and lO"'. The logarithms of 
.such numbers to the base 10 lie between —2 and -1. viz., tiiey 
are equal to —2-f some decimal portion {the mantissa being 

always positive). Thus the characteristic of such numbers is—2, 

'(6) Numbers having two zeros after the decimal point lie 
between 10”^ and 10 “ 2 , therefore the cbaracteristic in tbe loga¬ 
rithms of numbers having two zero.s after the decimal points 

is -3. 

In general the logarithm to the base 10 of a decimal 
fraction having n zeros immediately after the decimal point 
ihas — (w+i) as its characteristic. 

Logarithms to the base 10 are called Common Lagarithms 
and the base is generally omitted in writing. Logi^ N is simply 

written as log N. 

Example 1. Find the characterist’c in lag 8434 23. 

The number has got 4 digits in its integral portion, 

. characteristic=3, . • 

•• • 

Example 2. What is the characteristic in log 0 038 ^ 
There is one zero after the decimal point. 

characteristic^ —2. 

16. Consider numbers like 3 85, 385 and 0*0385. 

Let the logarithm of 3’85 be x. 

(a:) is only a decimal fraction because there being only one 
digit in the integral part of 3*85, the characteristic is 0.) 
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(a) log 385 =log(3-85x 10-) 

= log 3'Sr)'(-log 10^ 

= log 3-854-2 log 10 . 

= f-.- log^o 10 = 1] 

(h) log 0-0385 =Iog (3-85X 

= log (3-85xl0"2) 

= log 3*85-i-log 10“^ 

= log 3-85 — 2 log 10 


Kuml ers 3 85, 385, and 0 0385 have the snrae significant 
digits and difl<‘r in the po.^itioii of tile di'cinial point only, and 
their lov.'arithm>'.e, 2-rJ’, —2-f-.r have tho same mantissa (a;) 
and dillVr in char icteristic only. Tiuis wliatever tlie position 
of the decimal iioint, nuinhers having the same significant 
digits iiRTo the same mantissa in their logarithms. 


Tlie multiplication or division by 10 or its any integral 
po\'/ttr shifts the position ('f the decimal point only and does 
not ehuige the (>rdef (d‘ the siL'inileMit digits, therefore if the 
logaiith-ai of any nuniher is eiven, tlie logarithm of its imiltiplo 
or anhnuiltipie l‘v an integral p neer i)f 10 is fountl by ehanging 
the charucleristiu to jtroper value and keeping tho mantissa 
tlie same. 


Example 1. tiiveu log -18‘0 = 1-0803, find log 0*480. 
d'hc signitieant figures in 48-0, and 0’48'.), are the- .same> 

ther foio the mantissa in Hietr l -g ,ril-lnns must be tlu' same. 

'J'he characteristic' in tin- lugai il hin of 0-4S0 is —1, therefore 

log 0-48fi: .-l4^0-G803=fG8t)3. 

Example 2. tdven log 7---.-S!5!, find the logarithm of 


(■0U:r‘/ (-07)^ 


Tho fcignific-nnt digits in 7. 0-007 and 0-07 are 

so the nuinl issa in their h'garithn.s are the same. 

characteristic in tlie logarithms of 0-007 and 0 07 

— 2 resiiectively. Hence 


tlie same, 
Also the 
are — 3 and 


logarithms 


I? 


log 0*007 =—3-1-*8451 —3*8451 
log 0*07 = -2-f--8451 =2*8451. 


Therefore, 


log 


(:00’)l=log ( 007) 


(•07) 


^-log(07)3 

=J log (■007)-3 log ( 0:1) 

= J {3-8451)-3 (2-8451) 

=J(-3+-8't51)-3(-2+ ol51) 

==_0-75+0-2113+6-2-5^,53 

=6-2113-3-2853 

=2-9260. 

4 

Tho mantissae of the common logarithms of v.i 
•significant digits have once for all baen calculated and w-iu „ 

,in the form of tables for ready reference^ Tl.) oharaner 
can be determined by inspection therefore be logaritb o u 
any number can be found by the help of tho tables. 

logarithmic tables 

17 Tables of logarithms correct up to different p]aoi*>' jT 
decimals are available! In the appendix, tables correct u,, 
fou places of decimals, and giving the mautissae of number, up 
to four digits are given. These tables are known as four figure 
tables A portion of these tables is given on page 17 as a 

epecimp^^^ ^.olumn on the extreme left hand gives numbers of 

(Od'lhe figures 0. 1, 2,...9, at the top, correspond to the 
"third digit. 

m Figures 1, 2,.9, under the heading Mean Differences 

on the right, correspond to the fourth digit. 

The mantissae are all decimal fractions but the decimal 
point has been omitted throughout to avoid repetition. 

The following example illustrates the method of findunr 
.the logarithm of a given number. 



A 


18 


elementary mathematics 


Examplf . Find lo;^ 4:V2*4 c i ^ • i 

■I he.Him.ior has tbree .tigit. to the left of the decimal 

iioiia. tiieiefoiethoihi.faeteiisticis2. 

‘ 'or niaitii'-.MjooU h.i hi in the extreme left column and 
find Ur nun.h r in the horizontal line against this « and 
^nder 2 (the tliiul digiU at the top. This is found to be 6356^ 
lu Urn .ame lu.ri/.ontal line under the Mean Difference 4 (the 

jMurtli dieir), a number 4 i- M.taincd. 

Mum la th there r. e _■< t -0359 ns the mantissa Thus 
1 , IV' (Deeinr.l iHiint should always be added to 

t'ue nr’nti because it m a fraction, by the delinition.) 

'll.L iranth-n cf all tlTe numbers having the same signi- 
,V. Pt.la ds in the same, therefore OWJ is the inantissa of 
!.",':he num'.c.ahhe 4 o24. 4324 4324, 0 4324 ^tc. 

qiu- (liorndtristirs ct UiL‘>- numbers are, 0, I, 3,-1, ana 
rcsiicouuiv. theiefoie the logarithms of these mimbers Me 

•(li't, 1 c,;:.-,!!, 3 r,3r.9. 1 CiihO and 2-6359. respectively. The 

l oMti’on <4 the deeiinal point has no effect on the mantissa, 
the.cl le it is not ear-d lor while finding the mantissa from 

till tHi.ic. 

'l-iie actual value c4 l-ful.-h is _ l + -6359r= --3641 and that 
f is _ :141 3641 but in calculations with 

lU rrithi's a : ■ loiivt iiM nt tu keep them as 1*0359 and 2'63o9 
c:t*. all d ll.e ncgutivo sign at the top should 

Le clearJv iiudtrsloi d. 

antilogarithms 

13 If X is eilual to log N, N is called the antilogarithm 
of X. 

Wlu ii llu logaritliin i f a number is known, the number, 

ir . the ;.rit)logarithiu, i:m idso be found from the logarithmic 
tables. I l l- lol!o>\ing example illustrates the method. 

Ejii raj le. Find llie niinibur whoso logarithm is 1*6195. 

Ill lilt-tahk on ] a*:.- 17 lind the position of the luimDer 
niaic.t^ 10(1195 hut le.^s Uiau it. Wo have 6191 against 41 
and umh i 6, tiieri fore tl,. tii>t three figures are 416. 

Tlicio isMta dilh'ienceef 4. Look at the column of 
Mean I >iiftrencc in the same horizontal line. A difference of 4 
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■^orreBponds to figure 4 at the top therefore the fourth digit of 
the number is 4, 

Thus the significant digits of the number are 4104. Tlie 
characteristic in the given logarithm is 1, therefore there are 
two figures to the left of the decimal point m the required 

number. 


Thus the number is 41'64. 

[Note. In finding antilogarithms the characteristic is at 
first neglected because, as the mantissa depends only on the 
significant digits, the significant digits depend only on tiie 

mantissa. The use of the characteristic is simply to determine 

the position of the decimal point in the number. 

Separate tables known as tables of antilogaritnms are 
also avhlable and the method of using them is similar to that of 

logarithmic tables. 


USE OF LOGARITHMS 


It is easier to find the value of a product, quotient, 
square, square root, cube root, etc., by the help of hgarithms 
than by the direct processes of arithmetic. 


Find the value of 


mx« X r 
PXq 


Let 


mxnxr 

'pXq 


log l/=log 

t 


mxnxr 

~pxq 


=log m-flog ^i + log r—logp-Iogg=3r 

(say). 


Find log m, log tj, log p, etc., from the tables and add and 
subtract them to find x. 

Having found a:, find the number whose logarithm is 
viz find the antilogarithm of a:. This is the required value. 
The processes of multiplication and division have been replaced 
by addition and subtraction which are much simpler. 


Mean Diffbebnoes 
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i9« Find the value of v m 


Let 


Vm^M 


log M=-\og (^^y)' 

The value of log m is found from the tables and divided 
by n : thus x is obtained. Antilog of a: gives M, 

At first the finding of logarithms may appear more tedious 
than multiplication and division, but alter some practice tlie 
use of logarithms becomes very easy and convenient. 

Caution. It would be ridiculous to use logarithms ui' 

10x8 


— etc. 


It 


» V / 

questions which can be^solved mentally, e.^., ~~j 2 

is only where the actual process of multiplication or division^, 
etc., is to be done on paper that ogarithms are to be used. 


SOLVED EXAMPLES 

Example 1. Givenjog 2 = ‘3010, and log 3='4771. 

Find (0 log *35, (ii) antilog *7781, (Hi) antilog noi 

o=; 36-3 _ 32 _ 2^ 

(z) *35- jjQ QQ 

log •36=log^Q^^ 32 =log 2^-log 10-log 3^ 

=6 log 2 -1 - 2 log 3=1-50SO -1 -•954r2' 
='l*5508. 

(u) If J/ is the antilog of -7781. 
log Jtf’=-7781=-3010+'4771=log 2+log 3 
=log 2x3=log 6 
M=6. 

(Hi) Let antilog -1761=11/. 

log M=-1761=-4771 -•3010=Iog 3-log 2=log ^ 

Jlf=8=l-5 
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per- 


Example 2. Find the value of ‘^^3x3 91+^212 

9634 X (23)3 

*1.SC of tables. 

loe ‘^32x3-91 '■^^212 

i-fi34 X (2.4)3 

+ = loc 432-flog 3 log 2I2--log 9634-3 log 23 
-2-63r)r)-LT,()22-f i(2-32r>3)-3*9838-3(l-3617) 

from the tables. The addition and subtraction can be 
-tormed in one process as under 

2-03.15 

•6922 

M632 

3*9831 

4-0S51 

'4-3220 

Antilog 4'3220 = -0002099 which is the required value, 
hxainple 3. Find tho value of— 

39-24 X -oewse X 

38-64 

Tins quantity is a diffcrince of two quantities and there 
do(s not cxnt any lofiaritlimic relation for a difiFcrence. there- 

ore, the value of each should first be fr.und separately and then 

(11111 * n* II A Iki <11T*^ ^ ?. 1 ■ ft ^ 


Other, as under : 


n the [tables 

and written 

- •• • — 

directly below 

(1) 

(2) 


•6037 

3-6375 

1056 

3 6590 

1*5871 

112*3 

4-7710 

2-0504 

943-7 

3-0237 

1056 

= 112-3 
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■9173 the 


The required value=943*7. 

Example 4 . Given log 6 - 8 J 3 = 0 vs 346 , log 8-2G0=O-9173 
and log 4-906=-69O7 ; find the square root and seventh root of 

0-006833. 

The sienificant figures of 0-006833 .m l 6-833 .are the same 
therefore The r^antissie in their loguithms are equal. Charac¬ 
teristic in log of 0-006803 being equal to 3. 

log0-006833.= 3 S346. 

(i) log V'-M68W=| log 0-006833- a(.3-8346) 

=i (4+1-8346)=2-9173. 

[3 is not exactly djf aliavt 

;Si:r“o:: thil - 

4-f 1-8346 and then divided by 2.] 

Antilog 2-9173=0-08266 (the manti.ssa being 
significant digits of the number are 8266 as given.) 

V006833=-08266. _ 

(ti) log V ^ 6 ^ 3 =^ - 006833 =^( 3 ^ 8346 ) 

q-4‘8346, = 1^*07 

Antilog 1-6907=0-4906. 

’/-OueSSd=0 4906. 

li™ 4»M i. ?"> 

Si » STorSn four d.oto.l J'*’ If <” 

of V6907 has been taken as the nearest possible digit. 

Example 5 - Deduce the relation between the variables /, 

:ltrnr fes^ltTS^esenr fo 

Physics ? 


The equation 


or 

or 


Ti- loJVi 

io| i=i3 f -• 

l^kTK 
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or 


I 

/p% 


= /t. 


it I denotes the length of a simple pendulum and T it& 

; ' ( (i c f viljration is constant,the relation expressed by 

1 le I f-rjnatton. 

EXAMPLES m. 

1. Write down the characteristics in the logarithms of :— 

(':) {ii) -98, (m) -OOaiSTS. (iy) G54217. (v) 30000. 

2. Tlie logarithm of 3789 is 3*5785. Write down the loga- 
r, I uis (f—f/) ;i*789, (it) 378*9, (ni) '03789, (ty) *3789, 

( ■ 'WOOOH7S9. 

3. 3 1 . 1 ' U gartthin of 2‘984 is *4748. W’ritc down the anti- 
l( enthiiis of— 

{i) ::*47‘:s, (,0 1*4748, (ui) 2*4748, {iv) 1*4748. 

VVlidj re ,\iTied the following logarithms may be used :_ 

lor -010, log 3 = -4771, log 7 = *8451. 

Find the. value of— 


4. leg .*{2. 5. log 35*28. 6. log ■'■^/*U01G2. 

7. log (1-21; 8. H> log \P-4 log 7 log §5. 

Use four figur 'tahl-'s wherever neccRsary in the followiiifr 
questions :— ‘knowing 

Evaluate :— 


9. 


i2, 


' "I’.!. 10. 43V8-07X-0302. 11 . 8-034x1893 

•217:1 17.3 

»i8rj7,r U. VS2-66. 

83 xV-'- i 

17. ;yoo;j4fu;. 18 5^*000003466! 

19. Given lo, .7-8.19 = 0-7671 and log 9-145 = -9612 ; find the 
ralue of (8'549p' . 
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20. Find the value of i/0W000165. Given log 165=2-2175 
log 6974=3-8435. 

21 Loff C=los it+log tan represents in logarithmic torm. 
a well-known relation in physics. Transform it to the ordinary 


form and explain what it is. 

22. Deduce the relation between the variable L and P from, 
the equation log I(=Log if+2 Log P, 

where K is a constant, and show that the relation represents a 
well-known phenomenon in Physics. 

the fifth root oi 0 oi. ' 


24. What root is -02090 of -0004367 ? 

25. Time of vibration of a simple pendulum is given by the 


formula T=2-n - '''here I is the length of the pendulum and 

j, = <)81, is the acceleration of gravity. Find the time of vibra¬ 
tion of a simple pendulum having a length equal to 80 cm. 

26. Using the formula of the last question, find the length 
of the simple pendulum which makes one vibration in 2 seconds 

(Second’s pendulum.) 

27. Frequency of vibration of a stretched string is given 
bv the formula w=— J — where I is the length of the string, 

21 y m 

T the stretching force and m the mass per unit length of the 
string. Find the frequency of a string 100 cm. long stretched 

bv a force of 25,000.000 dynes and weighing *024 gm. per 
centimetre. 


CHAPTER IV 

QUADRATIC EQUATIONS 

20. An equation always contains certain unknown quan¬ 
tities and certain other known ones. 

The solution of an equation means the finding of suitabl^e 
values for the unknown quantities, so that the relation ^press 
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by the equation is satisfied when the.se values are submitted. 
These values are called tlie roots of the equation. 

Unknown quantities aie generally denoted by the last 
letters of the alphabet x, 2 , etc., and the known, by the first 
letters, a, b, c, etc. 

The student is already familiar with efjiiations of the first 
degree, i. e., those which contain terms of the first and not of 
any higher power of the unknown quantities. 

21. A Quadratic Equation contains terms involving second 

power of the unknow'n quantities and none of a power higher 
than the second, e.g.^ * 

1. I4jr-a:2=33. 

2. a;2-4 = J(x-6). 

3. x-+y^-\-zy-^2x+^=0. 

Quadratic equation containing one unknown quantity only 
will he dealt with in this book. 

22. To Solve the Quadratic ax^-l-6r-'C=0. 

After simplification and proper arrangement of terras every 
quadratic equation can be expressed in the form 

aa:®+6a:4-c=0 ... (1) 

where a, A, c are any known quantities or constants, a!ul a is 
not zero, for if a=:0, the equation does not remain a quadratic. 

To solve (1) divide it by a, then 

x^~\- ^ xH-— =0. 
a a 

Transpose ^ to the right-hand side, then 


62 



ComiMcte the square on the left-hand side by adding 
to both sides ; we have 



X 4- 


6® 

4a2 




/ ^ , h 6® 


~4ac 

4a« 
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Taking square-roots on both sides, we obtiin 

6 ^ 4ac 
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x-\- 


2a 


^ 4- 

^ 2a " 


V52_4ac 

2a 


— 6+ -/ —4gc 


Hence 


x = 


2a 

—64 6*-^ —4ac 


_ —^ 

— b — V //—4(/c 

or a;-- 


2a 

are the two roots of the given quadratic. 

23. Any quadratic equauon after it^-^bee^n 

r.“ i" 'o'T'* 

important and must be remembered. 

Example 1. Solve 3x^-4^-4 = 0. 

In this equation a=3, 6 = —4, and^_ • 

_(_4)+v'(-4)2-4(3)(-4) 
/. - -- 


Example 2. 


i.e., 


2x3 

4±’/T6+4r^_i±? =2or-f 
6- b 3 

Solve x( 2 a— 5)=2(2x-4). 

2^2 —5a:=4r—8 
2x^-9x^S^0 __ 

9+_ 9±V^17 


x= 


9+a^17 9 


4 

vT?" 

4 


24. Sometimes it is easier to solve a quadratic equatioa 
by factorising it. 

Examples. Solve ;c2-16x+56=0. 

Factorising, we have (x-7)(x-8)=0. 

hence «‘ber a:-7=0 
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or a:~8=0 

x = l or 8. 

This method is only useful when the factors are apparent*. 

SOLVED EXAMPLES 

Example 1. Solve 

10(2a:+3){a:-3)-(7x+3)®+22(ar+3)(a:-l)+200=0 
10(2:r2-3a:-9)-(49x2+42r-|-9) + 22(a:M-2a:—3) + 200=:0 
—7a:2—28a;+35=0 or a:*H-4a:—5=0 
(a:+5)(x—1)=0 or a:=—5or-l-L 

Example 2. Solve ] =-?--f_L+-L . 

rt + 6 + x a b X 

1 _ ah-^ax+bx 

a-\-h-\-z abx 

Multiplying crosswise, 

of>x = a^b-\-a^xiabx-\-ab^^ohx \ b-x-\-nbz-\-aa^-\-bx^. 

n rarisposing and arranging the terms in descending powers- 

of X. 

x2(a+i)+a:(a®-l-6H2a6)-f-a*6+a6*=0 

xHa^b)+x[a-^bf+ab{a-\‘b)=0. 

■•■Dividing all the terms by which does not involve x. 

x2+x(a + 6)+a6=0 
/. (x-|-«)(x+6)=0. 

t x= “O or —6. 

'I'Nole. When dividing nil the terms of an equation by a 
common factor see if the factor contains the unknown quantity 
(x) or not. If it contains x, one value of x can be obtained by 
equating the factor to zero as illustrated in the method of 
solving an equation by factorization. 

EXAMPLES IV 

Solve l>y factorization—■ 

1. a--—6x-h4=0. 2. x2+x—2=0. 3. X*—X—6=0t 


6 . 

8 . 

10 . 

12 . 

13 

14. 

16. 

18. 

20 . 

22 . 

23. 

25. 

26. 
27. 


Solve— 

6a:2-13x+0=0. 

7a;2__3.t-=160. 

4(a;2-l)=4a:-l. 


quadratic equations 

5. a:H34x = 336. 


7. 12x*-7a:-12=0. 

9. 780a:-— 

11. (3x—o)(2a:—5) = (a:'i-3)(a:— i). 


(a:+l)(2a:+3)=4a:2-22. 

(a:-l)(a:-2) + (x-2)(a:-4)=6(2r-o). 


= 0 . 

7 ^ ^ o ^140 
a: . 21 _ 23 
T"^ai4-5“"7 * 

x —6 _ ^-12 
X—T2 x-G 

3x—2 2a:-5 

2x—5 


£ 

0 

S 

3 


15 


17. 


19. 


^ 4-_? 4- 

2 X 3 X 


X __ 3 

.r— 1 2 


5 

x+2 


X — I 

X 

14 


,3^_ 

+ X x + 4 • 


j a-'+2_ 2(.r + :< ) 
21- x—t x-‘i 


_2 

10(2x+3)(x-3) + l7x+3)2 = 20:.r4-3){x-l). 

24. 


2x , 2x—5 __ Q 1 
X—4 X —3 3 


.H-a a'+2 ' ‘ ^t-3^ 


-=x. 


1_, V = 

(a:-6)(x-c) (a + 6)(tt+c) 

—(a f 6)x+26=0. 


1 




1 




J—=0. 28. (a.r—b)(bx-<i]-e- 


X—c 


CHAPTEl^ V 

miscellaneous equations solved like 

quadratic equations 

.1 orp not (jUt^driktic 

25. Certain types of epPrt.ons " “ ^ atic form. I" 
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__ 1 


Example 1. ”-{-4—0. 


Put x^'—y, 

_i 1 

X «==v’“^=— 

y 


5 


t.e,. 


The equation becomes y — q- 4 =;()^ 

y 

5=0. 

(2/+5)(y—1)=0. 

2/=—5 or^l 
1 

a:” = —5 or 1 
^=("■5)'’ or = 

1 ; 


or 


Example 2. 


- / 5 


Put 


/ 


+^Vr-32=o. 

/ r> ' 1 


=y. then Jil = j 
^ o >/ X y 


15 

y 


+ 10^-32=0 


16 ^ 2 — 32 ^/ 4 - 15=0 

2/=^± ■/ lO:;4-lHi0 

32 “ 


_ 32ii:8 


t.e., 


^ 5 


o 


22 


or 


__ 5 

— . or 


4 


3 

4 


3 

4 


t.e. 


5 _ 25 

6 10 


1.6.. 


tt.*, 1.. 

^ = -4' or 2 

^6 lO ; 


9 

16 

13 


Example 3. V3x^+ox+'7~ 

Put -/3aH6*-6=y. 


0*-(J = l|(P. i;_ 


> 


miscellaneous equations 

v3:c2-l-oa:+7 = V^^-hli^. 

The equation becomes 2/“I 

v/y^+r3=l+2/ 

'QuariuK both sides = 

^l+2y+y^ 

2y=13-l = l2 
_ y=6 

^/ 3 a:‘‘^*T- 5 a:— 

3a:- + 5j:-6==02=36 
322-f-5a:+42=0 

—5i- v'‘25-j-504 

- -- 

-5±23 
6 


SL 


or 


or 

or 


=3 or — 


4'4 


Example 4. 3 x^+15^-2 =2v/a:^4-5a;+i 


• « 

—5=2^a:‘‘i-p5a:4-i [note this step]. 


Put V'x^-\-ox-\-i—y 

The equation becomes 3^^—5=22/ 

32/2-22/-5=0 
(2/+l)(3y-5)=0 

2 /= —1, or 

a;2+5i+l = l or ■■'g*. 


or 

or 

or 


or 


Taking first value 


or 

or 


x2+52:+1 = 1 

a:“4-5x=0 

x(r-r 5)=0 orx^Opr 


—0 ; 


Taking second 


t 
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or 


a:2-f 5jr-ig=0 
9a:*-f 45a:—16=0 
9a:2+48a:—3a:—16=0 
3a:(3a:-t-l6)-(3a:+16)=0 


or 


Example 5. Solve a:-f-y=10 


y) 2 =(a;+ 2 /)*—4a:y=100- 




0, or X 

o 

1 

II 

10. 


375 


16 " 

....(it) 

100- 

375 _ 25 


4 4 


..(lit) 


Taking the upper sign of (tu) and adding (t) and (m) we get 

a:=*^. 

Subtraoting (in) from (i) 

Taking the lower sign of {Hi) and adding (i) and (tit) we get 

a:=ij 

Siibtraeting (iii) from (V) ; /, y=“|. 

It will be noted that with the negative sign of t-he 

values are the same as with the positive sign but have simply 

been interchanged, therefore only positive sTgn is taken in such 

•questions. ^ 

Alternative Method. 

376 

substitution in (t) 

t c.. 10x2—I60 j:+375=0 

j, ^ 160 ,-t 25000—241 *00 _ 160 ± 40 25 15 

32 ■~32 4'°*' r- 

Similarly or 

Examples. a:-fy=13.(t) ; a:y=30 (H) 

In simple cases like this the values o«n " -i 

for factorization. easily guessed 


( 







mSGELLANEOUS EQUATIONS 
Thus a:=10 and y=3 or y=lO and a:=3. 
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The very forms of the equations show that x and j/ are 
interchangeable. 

ry&MPLES V 


Solve— 

8 _ 8 _ 

I, 8x*n— 8x Sn=:63. 

3. x«-35®8+216=0. 

5, x+5—Va$-{-5=8. 

7. x~\-y=20 ; xy=75. 

9. x+y=85 ; xi/=:474. 

II. *-2^=3 ; xy==164. 

12 The length of a rectangular field exceeds the breadth' 
by one yard and the area of the field is 14,520 sq. yards. Find 
the lengths of the sides. 

13. Find the number whose square added to its cube is 
nine times the next higher number. 

14 A person bought a certain number of oxen for £80 ; 
if he had bought 4 more for the same sum each ox would have 
cost £1 less. Find the number of oxen and the price of each. 


2. 6x^=5r 


i - i _ 


13. 


6 . 

8. 

10 . 


3 ^ X* ' 

^4 4 = Y. 

2x^ ^ 

x+y=i ; xy=l 
X—t/=sl5 ; xy^lQQ: 


CHAPTER VI 

nature of roots, etc. 

„og,u™ < 1 “« ‘ oot of o negitlTO qu.otily oonoo, 

b. noSoti™, ^ ,f I 

oogolive l « otity i. 0.1M «" 
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ivBicalimaginarv (juantity because every imagiaary quantity 

can be put in tiu- form of the product of a real quantity and 
./—r Tims v'—be written as 5v"irr. 


27. Rooi^ of n. quadratio equation have previously been 

, , . .. ..— 6 — \ 6 -—4ac 

fftund to ne 


and 


'2(1 


2a 


(i) If be' : —4ac is positive, therefore the roots are 

J.xil and niu-qu:!:. 

{ii) If \ b'-—4ac — 0y therefore the roots are real 

nnd e(|ual. 

{Hi) If 6* 4(K ; —4ac is negative and \^b^^4ac >magi- 

Tif.rv, tlurefon- l«"Ui the roots are imaginary. 

Example 1- l^ind the nature of the roots of the equation 

3xH4a:+2=0. 

4'/c of tUi< equation^ 16—24 = —8. This is negative, 
therefore the rno»s arc imaginary. 


^Tlif actual \ iluos of the roots 


arc 


-4±a/ 



Elxample 2. Tind the nature of the roots of the equation 

12j:2-[-29a:+15=0. 

— of equation is 841 — 720=121. - 


ibis is ]< therefore the roots are real and difl'erent. 

—3 •*) 

( The H tu; I ',;ilues arc ^ nnd as found by solving the 
equation.) 

1 * A c 3 i'Istanco travelled by a body starting with a 

velority « and iii<.\ i!tg with uniform acceleration a, in a time /, 

m piyen by t!,;- lormula s = ut+^ at‘. Find the time taken 

o( y \\ ith a velocity of 2 ft. jier second and mov* 

iug ^ith an acid. I,.lion of 4 ft. per second per second, to cover 
a distance ot 40 It ^ r* » 


In the gi\. ji 
these values in t 

or 


data w— 2 ; a=4 ; and 5 = 40. 
h'- yivcH formula we get 40= 2f + 

+ 2/-40= 0 


Substituting 

x4x<% 


NATURE OE ROOTS : 


r 


i. e., 
i. 


f24-/-20= 0 
(t+5;(<-4)=0; 


/=■5 or 4. 


Negative value of t is absurd because no distiuce could have 
'been moved before starting. Tb)'-- value should, therefore, be 
rejected and the answer is 4. 

Example 4. Employing the formula of the last example, 
find after how much time will a body be at a distance of 3.0 ft., 
from its eiartin ^ point, if it starts with a velocity of 11 ft. per 
second and moves with an acceleration of—2 ft. per se^ord 
per second. 

w—II ; a=—j ; s=30 

30=11(-| ^(~2)?2=ll/-i2 

i /2_iif-r30=0 

(«-5)U'-6)=0 
t=o or 6. 

Both values of t are positive, therefore both must bo admissible. 

Ezplanatii-n. The acceleration is negative which means 
that the velocity is decreasing. In 5 seconds the body travels 
a distance of 30 ft and moves on with gradually decreasing velo¬ 
city till it oom*^3 to rest when the velocity becomes zero. As 
the negative •'.oceleration continues,* it begins to move back¬ 
ward and once again in its backwards journey reaches the place, 
30 ft. av/uy fn-ra its position of start after 6 seconds. 

Note Bodies moving freely under tlie action of gravity 
move v/itb a dc.wnward acceleration of 32 ft. per second per se¬ 
cond and the formula for the distance travelled is the same 
as in Esamplt 3. 

28- lu th< solution of a quadratic equation by the method 
of faotorisatioA )t w'as observed that the roots are obtained by 
equating t'SJtib < f the factors to zero. 

( ‘onvernely if a and p are the :oDts of an equation ; 

A—a&ndx—p or a: —a=Q, and x—p=0. 

jS)=0 will evidently be the equation 
whose >tov are a and p. 
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Example 5- Form an equation whose roots are 4 and —3. 
Factors of the equation are r— 4 and a:-F3. 

the required equation is (x—4)(a:+3)=0 

or c*—X- 12 =0 

Example 6. The sum of the roots of an equa*i*>r. is ^ and 
1 • r* sum of their reciprocals is Find the equation. 

Let « and p be the roots 

nr'r/? = 3 

K 


• • • 


(i) 


a ft 


lf> 


« « • 


(ii) 


Equation (ii) becomes 


g4-/> _ S. 

«.S 16 

Substituting the valuo of a + ^ from (i) we have 

3 _ 8 

ap 15 
«/? = l5, 

The eijuation with rooU ft and p is 

(; c —^)=0 

i.e. x*-(^4-/^)r+«/?=0 ...(hi) 

Substituting the vain -s of a-^p and ap found above, {m} 
I- i omes 


a.<_8x-l-15=0. 

This i.s the required equation. 

Note. If the sum and the product of the roots is knoim 
the equation is easily formed as shown above without findini^ 
value of the roots. 


M \MMUM AND MINIMUM VaLUBS OF AN EXPRESSION IN SOME 

SIMPLB OASES 

29. (i) If an expression can be put in the form o+(6+x)*, 

‘second terra is ^ perfect square and therefore always posi- 
t.ive for all real values of x. The least value it can have is zero 
therefore the least value of a -^{b-\-x)* is a and this occurs when 
6 r x=0 or x=“~6. 


ROOTS 


o7 


(fl simii„ir it “ r'"" »ribta o«uS ™' 

(b+x)\ it« maximum value ,8 a and th is occurs wu 

Example 7. Find the minimum value of tr -8a:+21. 

j:a_8*+21=(*-4)*+5. 

.4, • 

Example 8. For what value of a is a: 

4j;_;t*il0=-(a:"—'tK-lO) 

= _j(x-2)2-141 = 14-(*-2)’‘^ 

_ . „ V;*« Tnftsimum value when (a:—2)* 

The expression /g. Oj* is zero when a:='2. 

minimum. The least value of [x-^) ^ zero w ^ 

• the expression 4*-*^+10 is maximum when rr-2 

30. all is constant. Show that «+6 will be minimum wlu„ 

6 . _ 

Second term is constant, therefore a -1-6 is minimum 
minimum value of which is zero when a=6. 

a-f-h is minimum when a=b. 

Vorify by putting a6=64 (say). * „ . j u> 

o „ of the values of o and b are : 2 and 32 ; 4 and I , 

« and a” The sum of these is minimum when they are oqua . 

EXAMPLES VI. 

Find the nature of the roots of 

1 6x»+i5.+4=0. 2. 4.^+12 x+9=0. 

3. 9*»-10®+l=0. 4. 

S. Write down the roots of the quadratic ax 
and find the condition that the roots may (^) 

imaginary* 

Form the equations whose roots are 

e. 3andJ. 7- 

the roots and!he sum ottheir reciprocals av- 
given below. Find the equations. 
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10 . — landj. 11 . 

12. 15andj;\. 13_ 

Find the rnaxiraum vnlue'rsf 

14. 4— X- !■ So:. 15 ^ 

16. [ V- 17.' 

Find the minimum vain.? of 

18. a:3-}-2:r+9. i9_ 


20 . 

22 . 


a:2-6j:+13. 


21 . 


7 and 
25 and 

0-4x2+12^:. 

r)jr-93:*+K 

4x2 —I6.r-f-2i). 
2x2-fa: 4-4. 


Given : m>t, E, R an.t ►- are constant. Sliow that 

71 E 

Ttr 


I 




nr 

m 


is maximum when R 


Ttl 


f f KA^ff inu(>h fiiMe will a bodv starting with a velocit 3 r 

. r of l°ft. per aecond 

rlitirSsWtV" " P"'"' 200 feet a»vay from its 

24. A body is projected vertically upwards with a velocity 

no ft per second. After lew much time will it return to 
W'-i point of projection ? 

100 rt -above the 
from a baHoon rising upwards with a velocity of 5 0 ft 
|K‘i second. After how much time will it (a) bo 120 ft. from 
^ho ground, (bj reach the ground ? 

26. A stone is thrown up with a velocity ofl^S ft. per 
mm Olid, show that it cannot r-ach a height of lOO^y is. 

(Hint. iSiiow that the ^oots are imaginary.) 

27. After how immli Une will a body thrown upwards 

Ui ' "P.'OO ft. per sechnd'reach a height of 100 ft ? 

W hjt iH the meaning of only one answer ? ^ 

vloHtv of 60 ft‘'’‘nt ''1 vertically upwards with a 

iMa.t of 50 fl P [ it be at a 

K ^ ol 50 ft. above the j.omt of projection ? (P. U. iy-,'R) 

-><■ 112 / !^r » " P!,°^® upwards with a vdoeity 

u 112 ft. per second. When will it be at a height of 160 ft. ? 

' (P.-u:mo^ 


CHAPTER VII 

arithmetical PROGRESSION 

31 Def. Any number of quantities arc 

A *■.1, ' §.* 1 Prncyression when the difference tff each q ^ 

Arithmetical Progression w Tho various 

from the preceding la the th.omihon t , 7 constant 

quantities are called the of the ^ ‘ 

difference is called the common difference of the -cne . 

The letters. A. P.. are used as an abhrev.at.on for th. 
words ‘arithmetical progression. . , ■ i n , 

Thus each of the following series is an Arithmetical tl- 

gression : 

1. 2.4,6,8,10,. 

2. 1.5,9,13,17, . 

3. 20, 17. 14, 11, 8 ,. 

4. at a-\-dt a-\-Sd, . 

In 1 each term is greater than the preceding c-ne by 2. 

„ 2 „ » » >» » >» 

O .. ,, less „ y, J> » 

„ 4 „ „ greater „ „ „ - 

The common difference is found by eubtrading any teini 
from the one that folio vs it. 

32. To find the nth term of an A. 

Let a denote the first term and d the term 

an A P where a and d may have any value. Call the iii^t teiui 

as Tj, the second term as T*, the third term as an in gene 

ral the nth term as T„ where n is an integer. The A. I. ^Mtb. 

a as first term and d as common difteience is. 

a, a-rd'y ctd-2d, a + 3ii;. 

Ti, the first term, is a, 

Tj, the 2 nd term, is a+ii 
Ta, the 3rd term, is a-i-2rf. 

T 4 , the 4th term, is a-}-3d. 

Tio, the 10 th term, is a-f-Od. 
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of in each term is one less 
.than the .suffix of T, , ;z., the number of the term. 

Thus Tn==a+(n-i}rf. 

‘Example 1. Find the 20th term of the series, 

2 , 6 , 10 ;. 

T 2 o=a i- 19d=2+19 x 4=78. 

33. To find the sunt of 7i terms of an A. P. 

IfS" denotes the sum of ^ terms and J the last term, viz., 

the »th term of an A P svhnyp «i.of *_• , 

differenced. ' “ ^“d common 

^=a+(a+d) + (a4_2d)^..+ (Z-2<l)+(I_<i,+i. «) 

Writing the terms in the reverse order, 

S„=Z+(/-d) + (Z_2rf) +.+ (a+2d) + (a+d)+a. («) 

Adding (t) and (ii) we get 

2S„ = (a+Z;+(o + Z) + (a+Z) +.„ terms 

—n(a~i-l) 

I is the nth term, which is=a + (n-l)(i. 

{'' + «+(«-l)ri [ = ” {2a+(n-l)d } 

Example 2. Find the .sum of 30 terms of the series 

it 1 

Jstterm (a) = j . Com. difiF.’(d)=j ; n= 3 o. 

S3o=^''f2xi4-(3-i)xJf 

= 14-!^0) —15 X ^3 = 4|5 _ 223|, 

«aid to'be A P. the middle one is 

other two. Mean or simply the mean of the 

6. Then a. 
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2m=a-\-b 
a4~b 
2 


m= 


Thus the arithmetic mean between two quantities is equal 
to half their sum. 

35 Def. When any number of quantities 
all the ‘quantities except the first and the last are ca,lled Arith¬ 
metic Means between the first and the last quantities. 

To insert n arithmetic means between a and b. 

Let, .. ain be the required means 

a. m,, b, form an A, P. with n+2 terms ; a is the 

first term and b the tn4-*2)th term. 

If d be the common difference of this senes 

6=Tn+2=a+(«+l)^ 

(w+l)d=6—a. 

b^a 


or 


d 




6-*a 


TOj=o+d=“+ 

,„.,=a-|-2d=a+2^® and so on. 

Example 3- Insert-6 arithmetic means between 1 and 29. 

Let m,, . .means, 

then 1, m, .29 form an A. P. with 8 terms. 

29=l-l-7d 

d=4. 

Thus the means are 5, 9, 13, 17, 21 and 26. 

SOLVED EXAMPLES 

Example 4. Find the sum of p terms of a series whose nth 

'"“t! ?g1ven=3n-2, therefore by giving different values to 
n beginning from 1, we have, 

Ti=3X 1—2=1 

T.=3x2-2=4 
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T3 = 3x3-2 = 7 

T, = 3x4-2=10 

Thus the series is 1, 4, 7, 10. 

Sp= 2x !+(/)-1)3 ' 

Example 5. Find the A, P. whose 4th term is 9 and 10th 
term is 21. 

Let a be the first terra, and d the common difference, 

a-\-Sd=9 .(() 

a+9d=2/.(iV) 

Subtracting from (n), we have 

6c/=12. ... 

from (i) or (ii) a = 3. 
the series is 3, 5, 7. 

Examples. 1'lie sum of Ifi terms of an A P ia fioo 
the rornmon difference is o. Find the series! 

8,5= VM2a + (l5—l)5f=(i00 

15(^+35)=600. 
i5a = 600—525=75 

l\e.y ^ . 

IT ^ 

Hence the series is 5, 10, 16.. 

Example 7. many terras of tiie seriesi 4 r in 
wil! amount to 40 ? ‘ ® . 

Eet n be the number of terms re()uired. 

2 { 8+(>i-1)2 I =40 
4n-{-7i^~n==40 

?i*-|-3n—40=0 

/. ^ — 'V^ fi + 160^—3+1.3 

2 2 =•> c>r -8. 

m. 'mSTh.;® tr,”!*"’ of«"0 »>««- 










ARITHMETICAL PROGRESSION 4S 


Example 8. Show that when a body moves with uniform 
acceleration in a straight line, the velocities at the e^s of suc¬ 
cessive seconds are in arithmetical progression. (F.U. ly ) 


Let u feet per second be the initial velocity of the moving 
bodvandlet a feet per second per second be the uniform 
acceleration, so that in each successive second the velocity ot 
the body is increased by a feet per second. Thus 

Initial velocity^w ft./sec. 

velocity at end of first second=w+a ft./sec. 

,, second ,, =u-\-2'i ft./sec. 

„ third „ =wH-3a ft./sec. 

and so on, the velocity at the end of the <th second 


=w+(a ft./sec. 

All these velocities at ends of 
A. P., whose first term is m and the common difference is «. 


examples VII 


Find the 

1. 10th term 

2. 21st term 

3. 12th 

4. rth n 


* t 

of the series 4, 8, 12, 16, 


9f 

99 

99 

99 

.9 9 

3 > 


9^ 

>9 

• 9 


9, 8, 7, 6, 5, 

1 2 1 . 

.. 

0,11. i:l. 


S nu the following 

5 . 116 . 108 , 100 ,. 

6 . . 

7 . 2 , .. 

8 . . 

9. 2, 31, 4i,. 

1_ f 

10. 1-w 

a. 1-3, 3 1,4-9 


_20 terms. 

.... 10 teims. 

.19 terms. 

.15 terms. 

.25 terms 

1- Jta’ 


n terms,. 
10 terms. 




I 
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12- ~^3 ' .40 terms. 

13. a;—3y, 2a:—5y, 3a:—7y, .n terms. 

14- Insert 2 arithmetic means between I and 7. 

^5- „ 10 „ J and ~ • 

*' ® *> »» 6 and J. 

17. Second term of an A. P. ie 31 and 7th term is 86. 
rind the sum of 16 terms. 

T- ofanA. P. is 36, and 11th terra is 1:!2 

find the senes. 

How many terms of the series 

.will amount to 160 ? 

20 . 12. 10, 20.. ,, 208 ? 

21. 3*75, 3*6, 3*25,.„ „ 30 ? 

22 4 

v/-'> ’ i/'6’ .. » to ? 

7 'I"*' A- P- '« 2 and the fifth terra is 

ow many terms must bo taken to make 204 ? 

«« 84a‘ £ 3 numbers in A. P. is 30 and their pro drat, 

♦u • Take the numbers aso—d a and /ij_^ « j ^ i 

the value of a by adding them.) ^‘nd hnd 

1 -y * ^ terms of an A P is 40 nnd r 

terms IS 289, find the sum of n terms * ^ ^ ^ 

.t r*-s« r 

prod^t ofUiD fi“rTt and 41 ^ 9 “ t^th'^® 

3rd as 2 : 3. Find them 2nd and 

7^. Find three numbers in A P T«k 
and the least number is ^rd of thlpit® '* 
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2 , „thesun.of.ter.sofanA.P.is2.-H3.,fiadthe 

pth term. of p terms minus 

.. .K- - — 

termfis Jffin^ the common 1 and 

31. Prove that the squares of *^-2a: 1. 

-1 are in A. P. ^ p ^ the follow- 

32. Ifa, c, ®,.—--. 

ing series aro also m A. 

I (i) a+x, b+x, . . 

(it) a-x, 6-*. .. 

(tti) ax, 63;, . . 

a _6_ c . 

(iv) « * x ' ^ 

1 nf a oolvson are in A.P. The least 

i. 5-. Find .h. nun.. 

»«1- 

=360M f A P is n and the nth term is m. 

34 Themthtermofan A.r. 1 

Find the rth term. numbers between 100 and 700 

35. Find the sum of all tne n 

divisible by 8. p jth 104 as first term, 696 

[Hint : They form ^^n difference.] 

“ ’“VTelce arexpression for the sum of natmal numbers 

‘ s' s,« tund* 

fca'ro.s?nr.sr£* mm 

forks. 








CHAPTER VIJI 

geometrical progression 

36 . Def. Quantities are saifJ k • ^ 

■gression rC K ), when they increal Geometrical F re¬ 
actor. This factor is calJed the com fomnion 

■ 11 -. >h. ton«,i.g .„i„ “"™" 1 *- 

1 - 2 , 4 , 8, ] _ 

“• 3^ hZ . 

.■;■ 

4. a, ar, ar^ . 

Tlioronimon ratiosofthMp’arV. 2 /t - ^ 

The 4th senes- is the general series’of rh^ 

the f,r.s tenn and the common rat^ resne^^ f''’’"' “ ' '^'v 

any values. respectively and may li.ne 

37 . To fir. d the nth tern? of a G. P 
nth *^tn^s^m“/^;t■■„■b;;h; UrstXm^^^ ^nd, ;ird and 

and r the common ratio. 

'^\=ar\ 

T, = nr^ 

and in genera] 

'•™ »f .l. .™. 3,3, 

38 . J"/--!''- .... “‘■t- 

l^ct denote the sum r ' ^ 

tann is „ and cotnn.on rath. i. , " "f “ G. P. 

Sn = 1/ar^4.. 

Multiply by r ■••(O' 

^S„ = ar \ ar'^x. , , . 

.+ - + nr--' + nr" 

4 .i 
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Subtracting (it) from (t) we get 


(I—r)=a 
a I - 




I- 


H r is a proper friction. «. less tlrrn unity, each term 
is numerically less than the preceding one 

sufficiently small by taking n very large i m, ffi ^ap^oachc^^ 

c<(infinity). becomes so Te ibo\ e fo mula, u'r is less than 
comparison with 1 . ihns m me aujvc lu , 

unitv and n is infinitely large, 

^ JL . fr" has been neglected.) 

! —r 

. r.TiUr mean that n is approaching 
When we say «=- compared with other 

infinity and has got a wry large val P 

qua ntities. 

Illustration :— ^ ^ ^ 

Oonsider the series 1, 


U)’ IhO 


lOOO 


s,.= 


!-/■ 


1 


(' -To.) 


1 - 


1 

iO 


l- 


l 


1 

10 “ 

1 

10 


When 


. inn • r-_l-=-000... (99 zeros) 1. 

n = ioo , / — 10*®*^ 

1_=-000.(999 zeros) 1. 

& A 


when 71 = 1000, r "— |giooo 


A 

L_ is a very small quantity indeed, but is a great 


from infinity as .any otiier. Tf n is =°. 


-w'll be practically 

n • 


zero. 


Thus Soc maybe pub-- . 

JO 


10 
0 
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39. When three quantities are in G. P. the middle one is 
said to be the Geometric Mean between the other two. Thus 
it m is the geometric mean between a and b \ m b form a G.P. 

mb o , , — 

— — ; m®=a6 or m=di\/ab 

am — 


Geometric mean between two quantities is equal to the 
square root of the product of the quantities. 

40- Def. When any number of quantities form a G. P., all 
the quantities pxcept the first and the last are called Geometric 
Means between the first and the last (|uantities. 

To insert n geometric means between a and b. 


Let wii, nig. mn, be the means. 

a, Wg,. b form a G. P.. with n-f 2 terms. 

(if r is the common ratio of this G. P.) 

1 

: ».e., 

a \ a r 

1 



and so on. 

Example 2- Insert 3 geometric moans between 2 and 32. 

If //q, nig.are the means, 

2, ffij, wig.32 form a (.. P. with 5 terms. 

32=2 xr\ 
r'* = 10 orr=2 . 
the Means are 4, 8 and Ifi. 


SOLVED EXAMPLES 


Example 3. In a G. P. the first term is 5» the lost term is 
405 and the sum is 605. Find the number of terms and the 
common ratio. 






GB6MBTRICAL PROGRESSION 


4f 


Let a be the first term, r the common ratio, and n tb<^ 
mumber of terms. Then the last term is the nth. term and j» 
■equal to ar""'. Hence 

«=6.(1); or"“i=405 — •••(*)• 

And since the sum is 605, therefore 


G0.>=a , — =0. — 

1—f 1—f 


or 


121 = 


I—r" 

1-r 


• « • 


... ( 2 ). 


121 = 


or 121-121r = l—Sir 


Fr#iii (1) and (2) r»-’=81 or r"=81r. Hence substitatnis 

l-81r 

1—r 

or 40r=120 or r=3. 

.«-i=.81 or 3--* = 81=3S therefore 

n—1 = 4 or »=6. 

Hence the number of terms is 5 and the common ratio .s 

Example 4 If tbe pth, gth and rth terms of a G. P. .aro 

in G. P., then f-, 9. ’’ ate in A. P. r .. 

Let he the first term and y the common ratio of tl.o 

«iven’G. F Then its 
* ' pth term=*y’^* 

gth „ 

rth „ =*2/’"' 

Hut th.M, sioee are given to be in G. P., therefore 

xyP-^ 

Himpbfvmv. y^^yv-^y--^ =2/’’+’-". 

p4-r 

Hence 2g—2=p+r-2 or 2^ 

Hence g v- 'I" arithmetic mean between p and r, p, g, 
rare in A. f. 

r '1 c Show that the arithmetic mean between two 

Exampk 5 bhow rnae ^ between them, 

ti'jautitic-e .v f^v.-ater than the geomeinc mca 
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Tlie sii m of the arithmetic and geometric means between. 
< geometric means is 2. Find the quantities. 

, (P. r 1934, 1944} 

Let a and 6 be the two quantities, then Arithmetic 




a \ b 


if 


, and the Geometric MeaQ = -/a6. 

I'iie arithmetic mean will be greater than the geometric 

a-^b ^ - 

\ ah, i.e., if a-|-6>2\/o6 


2 


i.o.., if 


* i.p.y if 

But the left-hand side being now a perfect square is always 
I -Mtive and hence r O, Therefore the arithmetic mean is greater 
’ ill the geometric mean 

For the second part, let o, b be the required quantities, 

Cl h _ _ 

2 -t \ /zA=18 ... •••(!) 


t;'eii 


a-f-/r 


— \^ a !>=2 


• • • 




.( 2 ) 


From (F ood (2) by ad<lition and subtraction, we get 

(v-}-/i = 20.(3) ; and 2v^^=16 ...(4) 

From ^4). = 8 or a6 = t>4 ... ...(6) 

From (3) a id (5) it is m>w evident that 

either a— 10, 6=4 or, a=4, 6 = 16. 


EXAMPLES Vm. 

Find the 

1. 6th tern of 1, 3, [* . 

,2. 7th tern of 1, ^. 

3. 10th term of v^3, 3, 3/3.. 

. ,1 , . / 24-1 ■ 1 1 

4. «th term of . 








geometrical progression 


£1. 


Sum the following series 

1. 2,-4, .. 

2 1 8 . 

.. 

7. i.lj. 3. 

8 . 1 , - 1 . - 01 ,. 

9 * . 

10. 3, /3. 1,. 


.to 10 terms, 
.to 6 terms, 
.to 5 terms, 
to 10 terms, 
to infinity. 

)> >» 


11 . 

12 . 



i .. 

•45, -016, 0005,.. 

Insert 6 geometric means between 


It 



14. ). 3 I and f. 

15 The sum of the first eight terms of a G. P. is-17 time® 
the sum of the first four terms. Find the series. 

Ifi In a G P. shew that if each term be subtracted from 
the succeeding,’ the successive differences are also in G. P. 

17 The 6th term of a G. P. is 81 and the 2nd term is 24. 


Find the series. 

18 The sum of three numbers in G. P. is 21 and their pro- 
product is 216. Find them. 

[Hint : Put the numbers as “ , o, ar and find a from the 


product.]^^^ sum of a G. P. whose common ratio is 3, and 

last term 486, is 728. Find the first term. 

28. If ra geometric means be inserted between o and 6. 

n 

show that the product of all the rneans=(a6)? 

21. (m+n)th term ofa_G. P.ispand(m-n)thtermis?. 
Show that the n»th term='/pg. „ „ . . j 

22 The sum of Infinite terms of a G. P. is 4 and the sum 

ofthe’ir cubes is 192. Find the senes. 

n If the wth, nth and pth terms of a G. P. be x, y, and- 
. rJpectively. prove that 
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24. The arithmetic mean of two integral numbers exceed? 

the geometric mean by 2 and the ratio of the two numbers is 
4. Find them. [P. U. 19'^8) 

25. Obtain an expression for the sum of n terms of a 

geometrical series. (P. U. 19'\0) 

26. Show that the pressure of air inside the receiver of an 

air pump falls in a geometrical progression as the exhauslitm 
proceeds. Tlie volume of the receiver of a certain pump is IM 
times the effective volume of the barrel, and 15 lb. per sq. inch 
is the initial pressure. Find the fall of pressure at the end of 
the fourth stroke. (P, U* 19o ~)) 

27. Deduce the formula for determining the sum of n terms 
in a Geometrical Progression. 

Show that wlien a body is weighed on a falue balance 
whose beam is horizontal without loading, the true weight is 
‘tfie geometric mean between its apparent weights. (P. U. 1940'] 


CHAPTER IX 


MISCELLANEOUS SERIES 

4i. To find the sum of the first n natural fiumbers, 

^n= 1 4-24“ 3 "I".H. 

This iH an A. P. with 1 as first term and 1 ascomnioi 
•differejme. 

s.; — ^ JO_l_/n 1\l_ 

2 2 * ^ 

>42. Jiecurri/ig Decimals, 

To find the value of *35 

'35 =i3+inn"l" ..to infinity 

= 10 -^ 0- geometrical series with a- 

first term and yj as common ratio. 


— ^ _ a_l 2 ylO 

10 1—t5 ^ 


2 ^ 27+2 ^ 29 ^ 32-3 


==i+.. 

10 ^90 90 90 <K) 





MISCELLANEOUS SERIES^ 



hence the rule given in books on arithmetic. 

Miscellaneous Types. 

Examine 1. The nth term of a series is 4«-2n, thtv 

sum of n terms. 

Giving values 1, 2, 3.to n, we have 

Ti=41— 2 x 1 
Ta=42-2x2 
Tj=43-2+3 


T„ =4"—2xn 

S„ -Ti+T,+T3+T4+.+T„ 

_; 44 - 4 a_|_ 43 _|_ 44 _j_.+ 4 ”)—2(1-r 2-f . 

^ 4" —1 on(n+l) 

= 44 : 15 - 2 - 2 - 

=^(4”— 1)—n(n4-l)- 

Example 2 . The eum of« terms of a scries isjt(2':-n) 

Find the 10th term. . 

10th term is obviously the difference between the sun. 

ten terms and the sum of nine terms. 

Putting n =10 and 9 , 

S,o=10(29-10) = 190 
S,=(29-9) = 180 

lOth term=Sio—89= ***• 

Example 3. Sum the series 3+33+333+.to n terms 

S„ =3(1 + 11 + 111+. n terms) 

=8(9+99+999 +.« terms) 

= s|(io_i)+(lO=-l) + (10=—1)+-"' terms),. 
=§110 + 10*+10»+.«ter«is-r>}. 

i-«'“’■^"''5 

Fumole 4. Find the sum of n terms of the sene*’ 

r2 .■''n(»+l) 

I 
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Here 


T.= 


•> 




1 

1.2 

1 

2.3 

1 

3.4 


-i-h 





I 




Adding all these equations, 

Example 5. Find the nth term of the seriei 

3 + 6+18+66+. 


Let 'i*„ denote the nth term of tho aeries and S,* its sum to 
(71 termH. Then 


=3 + 6+18 + 66 +.+T„ 

s»= 34- 64-184-.4-T,_,4-T„. 

Suhtraoting, 



0^34-3+12 + 48 + 
T,. =3-f {3+12+48+ 


=3 + f3+12 I-48+. 
=3+3{H-4 + 16+ 


=3+3 


4»-i_l 

4-1 


.. + (T„ -T„_,)-T„ 

.+(T« 

.to (»—1) terma} 

.to (n—1) terms} 


=3+4"*i-l 
= 4 "-^ + 2 . 

43. Prove that if a body starting with a velocity « and 

having an acceleration a, travels a distance s in time f, 

j=tr/+Jat*. 

Acceleration a means that after each second the velooitv 
increasoH by a. 










miscellaneous 


fiv 


If the velocity at start is u, the velocity after one 
will be w+a, after 2 seconds it will be w+2a and in gen 
aftL < Be^nds it will be u+at. If final velocity is denoted by , 

Let the time t be divided into a very large number ofinte- 

i 

vals, say n. Each interval —- sec. 

Velocity at the beginning of th • 'first interval=u 

Velocity at the end of the first irjterval=w+a^ [• - '' 1 

Velocity at the beginning of the ‘second interval=M4-®X ^ 

_2t 

Velocity at the end of the second interval^ 

Velocity at the beginning of the third interval=H+ctX ^ 

Velocity a* the end of the third i.tervaI=«+«X- 
As the velocity is f ^Hsl^ lies Tetwwn' the 

< -3 / ^ * e. between — and 

between UX- and(w+a^;^,‘e ^ 

Similarly the distance travelled in the second interval 
between 

3+a^l and 


n rv 


•u 


n‘ 


the distance traveUed in the third interval lies between 


^ +2a*" and “‘+3®*^2 
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Total distance travelled in n intervals thus Ues betwcec 

e')+(i‘+sy ;:)+. 

G'+:o+(t+^“^)+( “ +3-i:)+..,nu™. 

between nx f+a (1 + 2+3 + ... + ^- 1 ., 


ut . at^ 


"^^+^(H2+3+...+n) 


and 

n n- 

i.e., between ul+ ^.'x <”> and u<+?? 

" J 2 

n* a/'xlxC I-^!-Y 

«.e., between «i+ and «<+_ ' 


1 


2 


1 


By making n very large we can make ^ aa email as we 

.We^^e, and thus it can be neglected. Both the lim.te become 

«+ X '>«"•» "'+!•<> .nd 


EXAMPLES 


I 


...mi;re.^‘"" ^-n natural 

2. Add i+a+jr*+ 2 «+r>^ 3 a^ „ terms where n is even 

[Hint : There are two diflFerent series, therefore the sum 

. equal to the sums of -* terms of each of these two series. 

(JjicHtions 3, 4, and 5 are somewhat similar.) 

3. a(a4-6)+a2(aS+62)+ai(a*q.6s,.^__ „ 

4 J _^’-i-d_5.4_5 

9 02 ■ ij 3 94 >“ 9.5 .to infinity. 

S. Find the .sum of 20 terms of the series. 

4+7+9+12+14-1-17+...... 
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6. Find the nth term and the sum of n terms of the series 

a+2(<i^(i) + 3(aH-2d)-l-4(a-l-3d) +. 

7. nth term of a series is 3”—2". Find the sum of n terms, 

8. Find the sum of n terms of 4+44+ 4444-. 

9. The sum of » terms of a series is |(lln*+9n). Find 

the 6th term. tji* j 4 .u 

10. The sum of n terms of a series is a+6n+cn*. Find the 

pth.term. 

11. The sum of n terms of a series is 2(2”—1). Find the 
Sth term. 

12. Find the value of ? where n=oo. 


13. Show that 3^ X278 y.ad infinitum—9. 


[Hint : Logarithms of the factors of the product form an 
arithmetico-geometric series.] 

14 Find the sum of 15 terms of the series 

4,6,12,30,84,. {P.U.193iy 

15. Find the sum of 40 terms of the series 

1+3+4+6+7+9+10+. (F.U. mi) 

16. A body starting with velocity and 

travels for n small intervals of time each equal T' Supp 

ing that during each interval the diSancfr 

value at the beginning of that interval, find the total distanc 

travelled. , 

Also show that the value of this distance travelled caches 

the limit when n becomes very .large, where nl . 

(P.U. 1932) 

CHAPTER X 


BINOMIAL THEOREM 


44. The formula 

, , n(n—1) c.n I 

(a:+a)"=x”+naa:""^H—Tx^ ^ 1x2X3 
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is known as the Binomial Theorem. 

It is also called the expansion of (ar+a)" , This theorem 
was first discovered b^' Newton and it is tI^le for all positive 
integral values of n. 

45. To prove the Binomial Theorem, 

We know that 


(a:+o) *=X*-f 2aa; 4-a ^ 

(x-f a)*=a:^ -f 3a®x -f • 

These can be written in the forms 


/ . ^«» 9.2 , 2x 1 „ 

These forms agree with the Binomial theorem given above, 
therefore the theorem is true when n=2 or n=3. 

Suppose it is true for some general value of n, viz,, 

...(») 

Multiplying both sides by (x+a), we get, 


(x+a)(x-f«)» =x'»+*-f ^ ax" 4- 


a®x" 


x2x”3 .+“*" + 


^ 1x2 ^ 


Adding similar terms together, we get 
(a:4a)" n=a:» n+”+i ax’' a»x 




“f —aV-*4- 


(n) 


(n-|-l)n{n—1) 

1.2.3 " 

Comparing (i) and (i») wo find that (n) can be obtained 
from (*) by substituting n+l for n. 
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This shows that if the Binomial Theorem [is true for thr 
index w, it is also true for the index n-^l, 

’ We have seen by trial that the theorem is true for index 2 
and also for index 3, therefore it is also true for index 4. If it 
is true for index 4, it is also true for index 5 and so on. Thus it 
is true generally for any'positive integral index. 

4 $. Put x=l and a~x in the formula of Art. 44. 

n(n —1) o . n{n—\){n—2\ , , 
(l+x)’'=l+nx+-^-jY i^+ s -. 

Writing —x for x, we have 

, , n(M.—1) o n'n~\Un—2) 

a-x)^ ^l-nx-^-—^ 


..9 '• - -'.wS i 

X^ — —.«-* .. 


1.2.3 

These forms are most frequently employed and should hp 

carefully remembered. 

* 

The proof of the Binomial Theorem for negative and frac¬ 
tional indices is beyond the scope of this book, but it is true i« 
these forms when x<l. 

The co-efficient of 2nd term in these expansion is j and 
the index of a: is 1. 

Cb-efF. of 3rd term is and the index of x is 2. 

Co-eff. of 4th term is and the index of i is 3. 

In general the co-efficient of (r+l)th term is 

_ n{n — 1 )...{^—(^4~I ~~2)1 

1.2.3. r 

and the index of x is r, 

. . n(n-l) . (n-r±l)^r 

Trn of these expansions is- 

(r+l)th term is called the general term- 
Rule In the numerator there are r factors beginning unth n 

and IfreaJg by unity. In the J Us «7«o r 

factors, the fiL r natural numbers. The index of x ts also 
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Note. The sign (positive or negative of xj must be kept 
with X. 


47. Consider the expansion 

6*5 „ . 6.5.4 


6.5.4.3 , . 6.5.4.3.2 


+ 


X' 


' ^ l + +1.2.3.4"^ + 1.2.3:4:6* 

6.6.4.3.2.1 
l.:^.3.4.6.6 

= 1 + 6x +15x*-f 20x3 +15x«-f 6x5+x«. 

Note that 

(i) the total number of terms is one more than the index and 
(a) the co^efificientd of terms equidistant from the beginning 
and end are equal. 

It is more convenient in almost all oases to express the 
quHiitity to be expanded in the form (l+x)”. The calculation 
ot co-efficients after the middle term in case of positive integral 
values of n is thus saved. 

Example 1. Expand — 

. 8+«V_2\V-7«/ ly 

( 3a 1.2\ 3a/ 1.2.3\ 3a/ ^1.2.3.4\ 3<i/ 

: , *8.7.6/ 1 8.7/ 1 . Iv7 . 1 

+ 1 . 2 . 3 V 3«)+12V 3a) +K-Ta)+(“3a) ■ 




1 


1_ 8 2^_56 _70 _ 156 , 28 

3a 9a3 27a3^81a* 243a5~^^9a« 


8 


+ 


^ ‘>50 ^ a8- ?l’q_28a®_66a" , 70a4_r)6a8 28a* 


2187o’ ' 6661a } 

)| 


, 1 

729 '2187"^6561 


( 3 9 27 ■ 81 243 

♦There are nine terms in this expansion. Fifth is the 
niidclle term and after this the eo-eflicients have been written 

in the reverse order. 


SOLVED EXAMPLES 

Example 2. Expand (3x-f 2y)5. 
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4^5-4,.- 


5.4.3 


^3j:+2yf = {Zxy+5(2ij)(3z)* +^.:|(2y)2(3:t)’+ 

—243a^+ 810x^^+1080^2/^-j-720a:V+240j:y*-f3'2y’. 
Example 3. Write down the 6 th term 06 (^ 2 — 

.-5)“ 

i)“ 12 

In the fifth term ^ ~ ^2 ) there will be 4 favUirs 

iji the numerator and 4 in the denominator, and the iii J' x 

r / 6^ \ *11 1_ A 


of ^- -ywillbe4 


Hence the 6 th term=a 


—/.24 


( 12 X J1 X 10x9 / ^2 V 4 f 


Ix2x3x4 


(-- ) ' 
\ a2/ i 


=:a2«x495 =495a^®6S. 

o® 

Example 4. Find the expansions of and 


1—x 


=(i-xr‘ 

= H-(-l)(-a:)4- 


-+ 1.2.3 


1.2 


, (-l)(-2)(-3)(-4) .4 . 

+-r2:3:4 ' ’ ^ 


[III 


^l+x+x^+x?+x* + .(*) 

Similarly ^ =(H-^)-'=-.l-*+*V=^’+^-. ^ 

Forms (i) and (ft) are important. 

When * is smaU that =r». etc., are negligible, the 
pensions become l+x: and 1 - * respectively. 

Example 5. Expand (1+*)® to four terms ; r<l. 
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= l+|a:-iar=+a\x». 


-\ 


Examples. Expand (4a —S.c) - to four teiuis ; 


given 


a 


23-. 


(4a-8^) i=-- {4a) 1“^ 

=_L_r 
^^^/'a L a 1 


■ ( > 


4,3l(-j-i)(-^-2)r-2x] > 

i.2.:5 L « J ^ 


1 


( , . a; , 3 .r* , 5 ar* > 

"" o.a + 2a3 f • 


Example 7 


2Va ( « 

Find the third term in the expansion of 




_ (-4)(-4-1) 

^3 — 


I ^ 
1 


10a:*. 


48. An interesting application of the* binomial theorem 
is '^iv(‘n below. 

Example 8. Find the value of \ looi correct to four 
decimal places. 

(1001)^ = (1000-i-l)-» = [1000(l-T-in4\i) ]® = 10{l + -00l)^ 

=io| 1 +jX* 001 - 1 -. I 

= lOL I +'000333—*0000001 ] 

= 10-f*00333-'000001 
= 10*0033 upto four decimal places. 

Example 9. Evaluate^^ correct to four places of 

(lecimalp. 

(626)i= (625+l)i=(5‘+l)l=5( 1 + -^)^ 
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= 5 ( l+^^)*=5{l-i--0016*)^ 

=61 l + lx-0016+iii^^X •00000256+. - 

=5{ 1 + *0004 - •00000024} 

== [5+*0020-f-*00000120J 
=5-{-•0020 to four decimal places. 

♦The value of has been found in decimals easilv us 


under : 



1 22 2* 16 
54 X22“104 10000"^ 


EXAMPLES X 

Expand the following : 

1. ( 1 - 3 o 2 ) 6 . 2 . (2x-jf)K 3. (5-4a:)^ 

»■ 0+f)‘ 

Expand to four terms and also find their approximate 
values when z is so small that its square and higher powers may 
be neglected. 

6. 7. ( 1 + 8. (l+ir* 

9 . (1—3a:) ^ 10. (1—2a:) -. 11. ’ 

12. Find the 4th term in the expansion of (a;—5)^2. 

13. »y »> ** ** 

14. Find the 11th term in the expansion of (1—2a;8) 

15. „ 5th ,» „ „ >1 »> (3a-26)*i 

16. Find the middle terra in the expansion of ^1— 
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17. Find the valut* of v 33 correct to four plates of ‘ 
•imals. Check your result by logarithms. 

18. Obtain the square root, of 999998 without actually 

extracting it. {P. U. liPP-*) 

19. State the Binomial Theorem lor all real values of 

and apply it to fin I the value of (1*002)“ correct to four 
decimal places. (F. U. Itf tl) 

20. State the Binomial Theorem for a Positive Integral 
Index. Calculate 19^ from the relation 19* = (20—t)* 

{P. V. 1H4,) 


CHAPTER XI 

TRIGONOMETRY 

SEXAGESIMAL AND CIRCULAR MEASURES OF ANGLES 

49. Definition of an angle. Suppose a line OP revolv e 

about the point 0 in a courUer clock s , v. 
direction and passes from ()A» its po.'^iiion 
of start, successively through position'; 
OB, OC, OD, etc., then the angle betv^orn 
OA and any position like OD is measure i 
by the amount of revolution which tiu' 
line has undergone from OA, the po.'^it k.ii 
of start, to OD, its final position. More¬ 
over, the line may have taken up position 
OD after making any number of complete 
revolutions through the position OA, therefore the angh mki\' 
be of any magnitude. 

50. For (ne6isurement of a quantity some uoit is always 
selected, and essentials of a unit are :— 

(f) It must have a constant value in order that the 
measurements of one observer may agree with those i>l any 
other, anywhere. 

(ii) It must be easily procurable. 

E.^., a yard is the unit of length and it has been detineJ 
by an Act of Parliament as the distance between two marks at 



0 
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a certain temperature (02 t) on a Brouz-^ Oir 
in the Office of the Bi>ard of Trai<\ A largo 


pr ■.^^rp'ei . 

.ia:r. jer coplT.'- 


of this length liave been ui * ie ami are .uM>lib.e '0.'or>'>^,i3?e. If 
yards were of different I-- :.:ths one ciii i iiigioo me eoufasio-i 
arising out of it. 

Angles are measured in three systems of units, bat only two 
of them will be described Ir re. 


S, 


1 





51. Sexagesimal Meas-jre. The aii^Ie 
described by the revolving line in one com¬ 
plete revolution is divide-.• into four equal 
part, each part being (wlled a ngbt angle. 

A right angle is furtlier Jiivided into UO 
equal paits called degrees- A degree is 
the unit in this system. 

A circle is easil}^ dra^ ri anywhere by a 
pair of compafsos and t!u' • ireuraferenee is 
divided into four eqtial ports at points A, B, 0 and JJ). The^<fr 

points joined to the centra* uive four aiied 'r^, (;ioii bein^^ a redr. 
^ngle. The amount or i /i ition in on-comrevoJutioti i 
the same, whatever tin rndius of the circle, therefore a rich- 
angle which is equal to ,*tb of the ro.npl-jte rc volution has:* 
constant value indejK*}id'‘iit of the length tjf tiie radius of tb». 
circle described. A degree is ^’^tli of a right angle, therefon 
this has also a constant \ .>!ae. Thus the requisites of a uuii 
are satisfied. A degree is -ul'-divided into 60 equal parts calie:i 
minutes and a minute ag.dn into 60 equal parts called second*. 
Tor brevity degrees, minutes and seconds are deno';ed by 
symbols ('^) degrees, (') ndnutes and (") secon Is. Thus 10^ 
^T' means 10 d'-L're.es, 3 jniiiutes and 37 seconds. 

Protractors h iving deg/ees marked on them are availabJo 
and anv angle can ne measured by them. 


52. Circmliar measure The unit in this system is 
radian, A radian. isdefiiK-l as the angle .subtended at th- 
centre of a civt t- t y in art: equal iii lengfcn to the r.adius of t:(<v 

«irol«. 

53. JV a radian has a constant valu^!. 

• Dravvainab as centre and any radius (r). 

nn arc AB b/- (m . * in length to OA, then angle AOB isa 
radia* 
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(CautioQ. The iengtii jf the arc 
A?<, not the chord, ie equal OA.) 

Prodiicc AO to meet the circuin> 
Hronee at C. From geometry we know 
the angles subtended at the centre 
a circle are proportional to the arcs 
viihtciiding them, therefore 



ZAOB Arc AB _ r_1 

2 rt. angles ri**fni-circumference 7 rr~*i 7 


. . ZAOB = - 


But ZAOB is a radian 

. trt aiitfles 

A radian 


180 


V 


The numerator and diMnuainator of the right hand aide are 
imtb constant, therefore a r.idian has a constant value indepen- 
•h*nt of the size oi the circle 


1 Wc have assumed Miat thr* circumference of a oircle=2n-r 
where 7 t = :V142 coriecb to r,hr*;c tigurcs. This relation is true 
has 1)« rn verilied in mor" ^han one way,] 

54. 'i'he relation, —one radian, proved in the last 

iM ticlc gives the methoil 'd'uoo rerbing degrees into radians and 
uto’ versa. 


A radian 


180®_180 

TT 


=r»7’'29 approx, 


tr radians^lSO^ is the gctiotral of expressing this relation. 

1 he student should, oonijuit to memory the values ef the 
Uiilowing angles in radian lu^^ure. 

360‘*=:27r radiasa. 


90*=^radians. 


180 ®=;r 
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6'^ 


radiaRs 


45®=^ radians 

4 



Example 


QAO_^ 

- g 

1. Convert 42° 7' 4o" into radians. 


42° 7' 45"=42° 7|' = 



=42°*129 



180° : 42°'129 
42 129x3 142 


TT : X 


180 


=•7354 radians 


1- 6246 
■4972 

2- 2553 


T8605 = -7354, 


Logarithmic process is shown on the right. 

Example 2. Express T:i09 radians in sexagesimal measure. 

TT : 1-309 : : 180° : :i: 


1*309x 180 
*= -3-142 




55. The sexagesimal system does not possess the advantages 
of a decimal system, therefore in many physical measurements 

the an^^les are measured in decimals of a degree. The change 

from one form into the other is simple. 


Example 3. Express 3° 37' 12 " 
Divide 12" by 60 to convert into 
minutes. 

Add 37' and divide again by 60 


in decimal fractions. 

i /12 sccond.s. 


37 

60 137-2 


to make degrees. 


Add the degrees. 




•62 

3 

3’62 degrees 

3°-'62 " 

60 


For the opposite change the 

process is reversed as illustrated m 

the margin. 


37'-2 
60 


12'-0 
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I 

5f». ?Vj ore that (/= 

r 

/) IS I he circular measure ^value in radians) of an ari'^le 
©uh‘i ndeti at ilie c. litre, by an arii i, of a circle of radius^/. 

f/ot AfXJ' be the anjle Out an arc 
Al.> » |uai to OA. 

^AOR = a radian. 


(1= 


zAOr^ar.- A0_ / 
ZAT)ii“air AB~ / 
/ 



~ or Iz^rf4 

I 


1- f..iin(]. ^ 

ituporlOfil affor(i^ a practical m thod of nuaf^nr- 

ve; '/i it'Kjlf }ii f.rruiar in^asitre. A circle of antf radius < uclo/iitt^f 
7'-’ >, at.yl'' IS dr urn. The length of arc is w'asnrtd loj 
ihr- h' nr (lintders' uid tV ratio of th-- arc to the radius 'jier't 
^etj'urtd value. 

ENampIe 4 . I'ind the angle subtended at (be centre ot a 
()/ radius 10 cni. by an arc 23 cm. in leimlb. 


f/=:- 


^ •> 1 Qf\ 

^ nidians or 2’3x =132^*1. 


E:t2n.i:ie 5. A lu>rsc is tethered to a stake by a rope JT 
>■ long. It th.’ bor.-e moves along the cireumferenee ot a 
iicle al ‘. 'VM Kof.niiiLr (j,.. ropp tight, tind how far it will iiavv 
gom 'vh( n the io|)(' has traced out an angle of 70(r-= 

{P. U. 1941) 

Heie the riHliiis = '27 tt. and tlie angle subtended bv the arr 
att the efHire of iJje (ircle 

' ;S 0 radian3=*J radians. 

Mt nee the length <if arc=radiusxanglc subtended at th > 

'(-••rH re 

= 27 X ’ =33 ft. 
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Hence the horse moves througli 33 ft. 


EXAMPLES XI 

(Use logarithms for calculations, ^ = ‘142.) 


Express in circular measure. 


1. 37° 61'. 



112° 43/ 







Express the following radians in sexagesimal measure. 




■7. 7. 


1*508. 8. 



10. If the radius of a circle be 25 ft. find the loijgtli oi 
HU arc which subtends an angle equal to 3" at the centre. 


11. Find by using the formula ^ , 


the number of re¬ 


volutions made in bne minute by tiie wheel of a bicycle of 
adius ft. travelling at the rate of 10 miles an hour. 


12. Find the number of radians in tlie angles of a triangle, 
wliich are in A. P. and the greatest of which is lO.'/'. 

13. Find the length of a line on the surface of the earth, 
subtending an angle of 2' 30" at its centre [radius of the earth 
=4(M)0 miles]. 


14. A train is running round a circular curve of miU s 
radius and a man stationed at the centre find.s that the juinute 
hand of his watch once pointed to the train e.xactly ueeps pare 
with it. Find the speed of the train. 

15, Find the angle traversed in one minute by the spoke 

of a carriage wheel of radius 2 ft. travelling at a speed of 10 

miles an hour. 



CHAFl'ER XII 


II* 


Trigonometrical Ratios 

57. Trigonometrical ratios of an acute angle. 

Lf-t PAQ (0) be an acute angle. Take any point M on AQ 
draw MN perpendicular to AP 
A right-angled triangle MAN is formed, 
which AM is the hypotenuse. The 
side AN adjacent to the angle (0), 
under consideration, is called the vase, 

•.and MN, the side opposite to the ^^0 
pngle (/)) is called height. 



rr, MN 

The ratio or 


height 


AM ' * hypotenuse 
as sine of $ or simply as sin 0. 

base 

Iho ratio .,,or -- 

AM hypotenuse 

.simply as cos 0 , 


is known 


is known as cosina of'? o 


T«u. - height 

Iho ratio - -- .10 known as tangent of 0 or 


AN 


base 


simjily as tan 0 . 


base 


The ratio is known as cotangent of or 

^aiiuply as cot 0, 

mu X- hypotenuse . . ^ , 

Iho ratio or-— is known as secant of 01 

simply as sec €. 

AM hypotenuse, , 

Iho ratio j^or is known as cosecant of 0 01 

dimply as cosec 

These six ratios are called trigonometric or circular func* 
^ns of 0 . 
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58. It can be shown tha; 
whatever the position of >1 
may be, these ratios ar*' 
constant for a j^iveu angV. 
For, let three different poinv-^ 
Mj, Mo. and be taken o<. 
one or the other boundiiiL 

\ line of an angle Let 

yrr MgNgbe the perperub- 

culars to the other line. 


MjANi, M^ANa and MjANa are 
all right-angled triangles having one 
therefore 


similar because they ai ^ 
acute angle, common 


M,Ni_]Vy?3 MgNs 
AMj-AMa “AMs 

AU these ratios represent sin It^ d’- 

the value of sin 0 is independent of the po= 
pends upon the magnitude of the ang ® ti, 



©istances in the direction OX (to the right) are taken as poa 

tivc. 



ELEMENTARY MATHEMATICS 


72 


Hiatanccs in tlio direction OX' (to t!ie left) are taken as negative^ 
i’istances in t!>e direction OY (upward^) are taken as positive. 

I'i.‘'t.inces in tlie direction OY' (do\viiv\ards) are taken as negative, 
'loace between tlie lines OX and OV i> called the first quadrant. 
sr)ace between the lines OY and OX i> called tbe second ,, . 

dpace between the lines OX' and OY is called the third „ , 

%f)oce between the lines OY' and OX is called the fourth ,, 

LircH XOX' is called the axis of X and \ OY'' the axis of Y. 

If we take a point P (see fij' of the next article) anywhere 
• nd draw PM per()endicu!ar to OX ; OM is called the abscissa 
Hid MP. the ordinate, of P. 

60 . Trigonometrical ratios of an angle of any rjagnitude. 

Let 0 bo an ancle of any mugniUiUi'. TIk’ revolving line OP 
Itreiwii as radius vector starts from OX md after making any 


trigonometrical ratios 




Draw PM the ordinate of P. 

ordinate __MP 
sin e is defined as OP’ 

abscissa _OM ^ 


COS ff 

>> 

” radius vector 

OP 

tan 6 

>3 

ordinate _ 
** abscissa 

_MP , 
OM ‘ 



abscissa _ 

_OM 

c»t 9 

33 

’* ordinate 

MP 

sec 9 

?3 

radius vector 
” abscissa 

_OP . 

om’ 


a'.n 


r adius vector ^Q^ . 
cosec 0 ,, M ordinate MP 

e, „ 

i the radius vector are all pos.tivc, r.i 


ai'i- I'.ositive. . 

iNote. Radius vector is al^'a\s taken as posit-ve, m 

CM r quadrant it may he.] nM is negative 

(ii) Tn the second quadrant the ^ (.fots sine and 

end IS others .i., MP -'t?b:t^ertTposf«v:\uantiti^^ 

cosecant, nhich are the and secant being 

,;,:.r.Kf5 »?nX;.rro« n,/...™ ,»»“>- “• 

(in) In the third ^‘^rJ'both negative. Tangent 

while the abscissa and the ordin denominator negative, 

and cotangent have both toant, and cosecant 

t herefore they are posrUve. ^nie. co. . ■ therefore 

have one of these positive and the otner g 
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j)ositive 
cosecant 
sine and 



all positive 


180 ^ _ 

tangent 

and 

cotangent 

positive 

270“ 



cosine 
and Kcoant 
positive 


These results are summarized in the above figure, winch xviM 
help greatly in remembering them. 

62. In order to find o it in w’hich quadrant a givt n j.ngi* 
lies we should remember, that for angles less than four ngh’- 
angles the limits of the 1st, 2nd, 8rd and 4th quadrants ar*- 
0'^-90° ; 00“-180“ ; l‘0“-270“ ;and 270“ to 800“ respecti/el>-. 
If the angle is greater ' ban 360°, substraot the greatest mul¬ 
tiple of 300° from it then the remaining angle being less vl r* 
300°can’bo easily located io »ne of the four quadrants. 

Example 1. Will coa 280 be positive or negative ? 

280 ie >-27()° and <2300°, therefore it lies in the feox'^'i 
quadrant. Tims cos 280° is positive. 

Example 2. Which of the circular functions of 750 ’-rt- 
positive ? 

750 =2 X 360'^ 4-30°, it lies in the first quadrant. 

All the circular functions of 750° are hence positive. 

SIMPLE RELATIONS BETWEEN THIGONOMETRIO-^L 

RATIOS 

63. A glance at the definitions of these ratios shows thui 

B / ^ « I 

(t) cosec 0 = -T-^ 

•\n0 



r C 

[*/ coseo 0— and ain 0= 


#i 


i 


Hi) sec ^ [■/ sec 

cos 


a 


and sin 


i 


1 


{Hi) cot e = [•.• cot 

tanll 


0 


o . . « 1 

— and t-an (1 - , J 
a i 
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I'he sine, cosine and tangent are ctilled the principal ratios, 
because the other three can be easily derived from them, being 
merelv the reciprocals of these three. 


sin ^ 1 cos ^ ,) 

64. To prorf‘ that —, =tan o’ and r=cot a 
^ cos" 


sin S 


We have 


sin 0 
cos ^ 


a 

c 

T 


a 

c 


■ * 


a 


X 


0 


, ^tan ; 


cos 


0 . 


* 

SID 


c 

a 

c 


C ^ 


= -cot 


a 


65. To prove that‘ — 

(i) sin*^)+cos'^' = l- 

(it) = 

(Hi) cosec=e=14cot^ff 

iNote- (sin Of etc., are written as sin^\ tan^^, etc. 

We have a 24 -/. 2,^,.3 fABC being a rigrit-angled triangle. 

2 ^ 


(?) 8in^0~f —+\ g C' 


1. 


r2 


a 


Hi) 




/ e* 1 i_ 

■-(6^ 


1 4- ^-y) =l+tan*^^. 


(liO 


66. 


cosec^—\ o“ «“ 

-'+ (;)* -'+'»*■*■ 

Th. Mlowing fo™. Of .i»-•" 

5 i„J 0 =l-cos ''0 or sin 6 = ^1 


COS 


.■«e=l-sin‘^ or cos 0 = 



elementary mathematics 

Example 3. Prove that cot^ 9 {l~coH^9)^cos*e. 

<oi^0 (l-cos»0) = “^;;; (.sin=())= 00 .s=fl 

if am- 

angb*:Ze of an acute 

and /.Iro^alf to ^ 

J-' t 9 be Iheprivon angle, then 

>a„ = .,5 

base j 

ny[H»tennrfe=. y 4 ,_ - p 

v..ln! ‘'r **• *^^**b' I'ositive 

t of the sqiiar r -a has been taken.) /\tf 

the figure^ ti u-al ratios of 0 can be written down from 

0 ii'^^ = r>» ^ot/?= *, sec coseo 0 =§. 

.V ' * 1 ^ otlier methods also of solving such 

' ■- lo.i.v, [,^^l tin. given above, viz,, of 

< awm» a right-angle.l triangle and giving suit- 

‘corresponding sides is the 

Example 5. cos ; find tan $. 

the^'^v, r"" base and 

‘ 3i’<'tenuse of a right-angled triangle. 

Heights yl3^—5«= 12 , 

.-. tan f?=^g. 

68 Inverse Functions. 

sin-i'ls'rcad 1 " =8iu-x 

wLc Lois ;iaiTr:!"" 

tatv'cm ic.4e'*tively are equal t!iT 
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Example 6. VioA .’'coaiefcrically the value of co$-i 

Here we have to rWn] an an^le whuie cosine is equ li to - V u ■ 

can be done hy a consu ia-.uon snnii ir . b7, dra wiicr-i 
circle of rad.us ioe, ^ 

-axis 01 A equal tc.- 3 units and drawing jjerp,-ndicular to it. 

SOLVED EXAMPLES 

Example 7- Prove that 

tan <9 (i_cot2^)-f-cofc(9 (1—tan«^)=0. 
tan $ (1—cot'-'.y]4-cot ;/ (i ~tan-( 9 } 

Example 8. }*rtn e thut 
(sin A —LOS A) (sec A foosec A)=tan A —cot A. 

(.sin A— CO? A) (sc- A j-eosec A) 

:^-:(sin A-ooa A) .-f : ^ -) 

«03 A sill A/ 


(sin A —cns A) 


\ sin Ad-cos A > 


snrA 


• • 


( sin A cos A \ 
oc \ siriLA cos^A 


sin A cos A .^in A cos A sin A cos A 


sin A Cos A 
cos A "iA A 


=tan A“OOfc A. 


EXAMPLES XII 

1. Which otthe trigonometric functions of the follow 
angles are positive 

({) 290*. (ii) I90A {in) 135®. (i») 620*. 


iig 


(,;) TSOL ivi) . (vii) • {viii) ^ • 
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Prove that 

2. eot A see A sin A=l. 


14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 


3. cos 0 tan ^^-sin Q 


4. (1—sin®^) 8ec®0 = l. 5. (1 —cos-/?)3oc^(?=tan®^ 

6. ^oBec*A4-sec^A=cosec® A sec® A. 

7. tan rt-{-cot a=8ec a cosec a. 

8. cos p ^cot2/3 + l = v/cosec*fi —1. 

Q 

sin A sin B cot B = co8 A cos B tan A.' 

tv (*-\ ^<.t>.sec^A 


11. >(-» — 1 =2 tan*A+tan*A. 

\ 2 . co3®A(8ec’*A—tan®A)-f-sin®A(coscc- A—cot*A) — 

13. (cos a—sin fy)(cosec n*—sec ff) = co9oc n sec a -i 

14 . ain^A cos-B—cos-A sin-B = sin2A — sin-B. 

15. cos*A —sin‘^B=cos“B —sin*A. 

4 

16. cos'A—Bin*A = cob*A—sin^A. 

sin a —sin p ^ cosg—cosp ^ 
cos a—cos/^* sin tf-fsin 

Ig, (tan A—l)“-h(cot A—1)2—(see A —coscc A)^ 

19. If sin e = ^z* ^ 0, 

20. If 2 tan {? — 1, find sec 0 and cosec 0. 

21. If the secant of an angle is 7, find its sine and 
gent. 

2m7i _ - 

22. Given : tan 9 =^—i find co3 fand cosec 0 , 

771 71 


CO tan- 


23. If sec a 


V. find the value of f " 

4 Sin tt—9 008 a 


CHAPTER XIII 

CIKOULAR FUNCTIONS OF 45% 60% 30% 0" and 


‘ji. Q^cular Functions of 45^ or ^ • 

4 


Let BAG be an isosceles right-angled 
■ "'ui'gle. Each of the angles A and B=45'' 

J O i side AC=BC._ 

If AC i3=a, A^ = Jar-\-a^=a^2. 


iin 45*^ ^ 45" = '/2. 




sec 45*^= /'2. 



tan 45 ’= 


a 

a 



cot 45®= 1. 


The three principal ratios only need be remembered. 


70. Circular Functions of 30° cr-^ * 

o 

Let ABD be an equilateral triangle 
sides=a. 

Draw BC perpendicular to AD. 

0 is tile middle point of tlie side AD 
Mi i BC bisects the /ABD. 

AC= ® and ZABC=30'. 

£t 


A' 




Consider the right-angled-triangle ABC, 


\/ 4 


t 


s 


sin 30°= 


a 

2 

a 






coseo 30°=2. 


sec 30° 
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so 
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tan 3U 


a 

•> 

•>" 


I 


/;{ 


cot 30°=V‘3 


71. Circular functions of 60 ^ "" 


or 


In the ligiire ot tlir last article, ABC a liirht- 
triangle witli nnel'- A —tiu 




sin 60 


•» 


fi 


V •> ^ 

“ » cosec 60 = 


V:^ 


a 


cos 66‘’ = 




top 60 =2 


« va 


tan GO cot 60® = 


f/ 


* • 


1 

\ a 


72. Circular functions of 0*. 

Let BAC lie ti ri-'lif-angled triangle. 

As angle A din.iniof.,.., diminishes and AC incr-i. ■ n,i 

when 0 ®, A.B at iiu nh s wilh AO and Yi 
H coincides \MlIt O. I‘C -(> and -XtV- AR » 

. '► “ * ■ ' 

ft. AO_Ai; 

'‘’"®=AI'. AV.==' 

n. Tir 0 

lanO=^=^^^ 0, )ot0®=oo. 


see. 0* = 1. 


’ 1 


L i 


73. Circular functions of 90"' or ^ • 

2 

In the litrnre of the last article as 
increases and AC diminishes, until when K- 
AC=0 


/A Incrensof, I’e ’ 
00®, BC=A1' and 


CIRCULAR FUNCTIONS OF ANGLES 


• nfto 

Sin 90 =-r^=Tc.- = 


BC 

AB 

AC 

AB 

BC 

AC' 


AB 

AB 


nno ^ 

COS 90 = 7^ = ; ^ = 


AAO 

tan 90°= .-^=-7^= 


_ 0 
-AB 
AB 
0 " 


•x» 


cosec 90°=1. 


sec 90°=c» 


cot 90°=0. 


74. The fuactions of 0°, 30°, 45”, 60^ and 90^ occur frrv 
quently and it is important that the student should be abh; t. 
“write down the values of at least the principal functions o; 
these angles at on«e from memory- 

Example 1. Find the numerical value of 

cot 60° tan 30*^-^eecM5°. 

The given expressiontan 30’+^^^^“ 


Example 2. Solve 


4 8inrt —4 cos^£r=5. 
4 sin a-r^ cos*/t= 5 
4 sin a-h4(l —Bm®ff)=5 
4 sin-rt—4 MD «-}-l=0. 


sm 


4± </l6-16 , 
a =- ^ i- 


«=30 


[Note, a may a^so have a value in the second quadram 

but unless otherwise stated angles in the first quadrant oniv' 
will be considered in this book.] 

Example 3.. Restricting yourself to acute angles onh 
find in degrees the value of— 


a/ ^ / 3 

ein*^ ^+cos“^^ —tan“^lH-Bin*^—. 


means an ar gle whose sine = 2 > equal to 3i 

SimUariy cos-<^?-30° ;Jtan-l=46‘’ ; and 8in-*^=60°. 

g*. the given.esp? ^ssion=30°-|-30°—46®+60 =75 • 


n 
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EXAMPLES XIII. 


I'^valuate 


1. (sin HO —sin 45') (cos SO'^+cos 45'’) 

A TT ^ • TT . 7T 

9 . C0£- — —sni—sm , 

o o o Q 


> • 


3. C0.2 ^ _J_3 tan2 J -f 


4 

5. 


d. 


o 4- ■ 6 

A cosec^ tH' -f sec®45^ —2 cot*H0 . 
sin HO® CCS oO '-f-sin 30® cos (JO .. 


cos 


TT 


Sin* — 
6 


tan* 60 -r4 cos245®-4.3 sec* 30®. 

7. If tan* 45 —cos*60®=a: sin 45® cos 45®, find z. 

I'Mnd the value of the acute angle a in tho 
'.quations : 


followm 


8. tan*a-|- tano:”hl=2, 

V ’* 

9. tan ff-l-col a=:2. 

10 . 8 sinhy —H sin*o-“i-l = 0. 

U. 2 cos^rt-f i f ^in rt=7. 

railing acute angles only, !ind the value in degrees of 


\Z, cos * 0-J sin 


-1 


1 


v2 


— C 08 "“^ ' 


2 


13. tan 


V ^ 


tRn"*^ V 3, 


14. Bin ^ J-f-tan~^ 0-|-8in ^ 



CHAPTER Xrv 

Functions of Allied Angles 

75. Def. When the sum of any two andea 
ng}it angle, each is said to be the comple¬ 
ment of the other and the angles are said 
to be complementary. Thus angles 00'’—A 
and A are complementary and angle OO"^ —A 
is the complement of angle A. 

76. Functions of complementary 
angles, viz., A and (90°—A). 

Take ABC a right-angled triangle. ® 

Zs A and R are complementary, 90°—A=.B 

sin (90°-A)=8m B=^ 3 =cos A, 


equal 



[Def.J 


BC 


cos (90°— A)=cos B = ^^=sinA 




Un (9fl°—A)=tan B==^^=:cot A. 

Similarly it can be proved that 

cot (90°—A)=tan A. 
sec (90"—A)=cosec A. 
cosec (90°—A)=sec A. 

Example 1. Given sin A=cos 2A, find A. 

sin A may be written as cos (90° —A), 

cos (90^—A)=cos 2A 

90^^—A=2A or A=30^ 

77. Def. When the sum of two angles is equal to 
right angles, each is said to be the supplement of the other 
the angles are said to be supplementary. Thus angles 180 


two> 

andr 

—A. 


• . 

t 



> 
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and A are supplementary and angle 180° — A is the supplement 

rfOfangieA. 

78. Functions of supplementary Angles, viz., K and 
_A). Let OP be one position of the revolving line such 

that /XOP = A, and OP' another position such that ^XOP' 

r=l80 —A. (See P'ig. Art. 77). 

XOX' is a straight line. 

zl P'OX' = 180°-_XOP' = 180° —(1S0°--A)-=A. 

.Draw PM and l’'M' tlie ordinates of P and P'. 

^8 pom' and P'O.W' are congruent, because OP-OP', 
/PGM—Z.P'OM'. and I*M0, P'M'O are rt. angles. 

/. MP M'P', and OM' = —OM. 

M’P' MP 

-sin {180°-A) = (^p, iOef.|=^=8in A. 

..on O.M' -OM * . 

■cos (180 - 

M'P' MP 

ton (180^-A)=^^[, =__^j^--tan A. 

Example 2- Eiud the sine and tangent of 135°. 

sin 135'’=6in (180“-46“)=sin 46°= 

V 

% 

tan ISa =tan (180°—45°)=—tan 45°= —I. 

79. Functions of 180°-1-A. Let OP and OP' be the two 
positions of the revolving line such that/.XOP=A and /XOP' 

= 180°-f-A. 


P 



FUNCTIONS OP ALLIED ANGLES 8S 

, ^ »lso equal to A 

i^iid ^8 POM and P'OM' are congruent. 

M'P'=-MP and OM'=-OM. 


M'P' — MP 

sin ( 180 °+A) = op, 

,-ono , OM' _-OM 

COS (180 “I" A)—Qp' Qp 


tao (180'’+A) = 


MT' -MP 


OM' -OM 


= —sin A. 


= —cos A. 


_MP 

“OM=*®“ A. 


Example 3. Find cot 240°. 

^ i- i 1 

^ " tap 240 ° tan (ISO-}-G 0 °) “tan 60' 

80. Functions of —A. 


1 

v^3* 


Let ZXOP=A and let the radius 
vector start from OX and revolve in 
the negative (clockwise) direction and 
take Hp the position OP sucL that 

angle XOP'=—A. 

Join PP' intersecting OX at M. 
In the triangles POM and OP'M, 
OP=OP', OM ib common. 

/rOM is numerically equal to a-P'OM, 



A 9 congruent: 

MP' 

sin ( A) Qp' 

OM 

cos (—A)=^, 


MP'=-MP. 

= -MP_ 

0P-Sin A. 

OM . 

SSI - =cos A. 

OP 
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tan (“A) 


MP' 

“OM 


-MP 

OM 


A. 


Example 4. Find sin ( — 225'’). 
sin (225*’) =-sin 225^ 

= -sin (180 +4r)°) = sin 46°= 7 ^ . 

^' 2 . 

It Viill be noticed that—225'^ lies in the second quadrant 
-ind has thus its sine positive. 


81. In order to remember all these relations ; the follow, 
ing poihtH should be grasped :— 


(1) in relations connected with 90“ viz., 90° +A and 90“— 
functions without‘co* (sin, tan, sco) bcc«4ne functions with 

h;o’ (c( s , cot and cosec) vice versa. • 

(2) In relations containing 180* vtz.y 180°+A and 180° — 
A, ihc functions remain as before riz., sine remains as sine, 
nosino as cosine, etc. 

(3) The sign of the function is indicated by the quadrant 
in whicli tlie angle lies, f.f/., when A is acute. 

‘K! —is in the first quadrant, no change of sign. 

180 —A lies in the second quadrant, therefore sin remains 
positive and cos and tan negative. 

1H0“+A lies in the third quadrant, therefore tan remains 
pob'itive and sin and cos negative. 

— A lies in the fourth quadrant, therefore cos remains 
positive and sin and tan negative. 

82. For the sake of simplicity £A has been taken acute 
in all the above considerations. The relations are, however, 
true for /A of any magnitude. 

83. Functions of 360°-[-A are the same as those of A 
'because its bounding lines are coincident with those of A. 

Functions of 360°—A are the same as those of —A for the 
■same nenson. 


rracrrioKs of alued axoles 

SOLVED EXAMPLES 

Example 5. Find the value of cot 585^ 

cot 585^=cot (360°+225»j=cot ( 225 °) 
TT . „ =‘=°M180°+45°) = cot 45°-7 

Example 6. Prove that 

cos A tan A tan (90°-A) cosec (90°- 4 ) = j 
oos A tan A tan (90°-A) cosec (90°-A) 

4 

=cos A tan A cot A~ ^ 

sin (90°-A' 

= cos A tan A ^ x ^ 

tan A cos A " ^' 

Example 7. Prove that 

tan A+tan (180°-A)-|-tan (-A) = tan (360"-A). 

Left hand side =tan A—tan A —tan A 

= —tan A. 

Right hand sidealso=tan (360°—A) 

=tan (—A) = —tan A. 

Example 8. Express cot (A—90°) as function of A. 

cot (A—90°) = cot {—(90°—A}} 

= —cot (90°—A)=-tan A. 

EXAMPLES XIV 


Find the value of— 

1. sin 300°. 2. tan 855°. 3. cot 405°. 

4. sec 210°. 5. cos 1035°. 

Express as functions of A :— 

6. sin (A-90°). 7. sin (270°-A). 8. tan (A-;r). 
Prove the following identity ; — 

9. sin (180°—A) cos (90°—A)—cos (—A) cos (180°—A) = i. 



cos A 


cosec (360°-f A) 


tan (270°-A) 

V__-= C09 

cos (—A) 
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ss 

sin (180°-A) cor(90°- A)^coaJ^360^-A)^^.^ ^ 

"■ tan (180'’+A) tan (90‘^4-A) sin (-A) 

12. see (36P»-A) + coseo (720»+A)=^3^+J ^ 
Simplify 

coeec (180'^—A) cos (—A) 

8CC (180°+A) sin (180''-i-A) 

sin ( — A) _cot (180®—A) , ccs A 
sin A) cot A sin (90®—A 

cos (90®-A) cos (180®-A) tan (180®-A) 
sin (90'^-A) sin (180®—A) tan (360®-A) 

What is meant by the Circular Measure of an angle 1 

» ' 

wheel of radius 12 cm. travels a distance of 122 
• in. along the ground. What is the angle in degrees described 
liy it in traversing this distance ? Find its sine, {P,U, 1938) 


n 

14. 

15. 

16. 

A 


• CHAPTER Xy 

Tables of Trigonometrical Ratios 

84- The values of trigonometrical ratios of various angles 
^ * (veen (t® and 90® have once for all been calculated by the 
I -Ip of certain formulae. For ready reference these values ht^o 
I 'M) written doun in tlie form of tables, so that any function 
><{ any angle may be read off directly from them. 

Tablt s of sines, cosines and trangents aro generally avail- 

to difierent degrees of accuracy. Usually these are :— 

(«) Seven-Figure Tables. 

( 0 ) Five-Figure Tables. 

(c) Four Figure Tables. 

In the Ap( endix, tables of sines, cosines, tangents and 
f;tngcnts are given correct to four places of decimals. 
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Cosines can also be obtained from the sine tables as explained 
cn p. f)l. 

SINES 

85. A portion of the sine table between 40 and 44^^ is 
uiven as a specimen on page 90. 

The left hand vertical column of the sine table gives 
aji;/le8 in degrees from 0° to 90'. The next ten columns on the 
right give the values of the sines of the angles corresponding 
to the degcees in the left hand column and minutes 
{</, 6', 12', etc.) at the top. The five difference columns on 
the right hand side of the table give the numbers to be added 
r ^rresponding to 1', 2', 3', eto. Aa in logarithmic tables, 
these differences are added in such a way that the unit figure 
f t this difference corresponds to the right hand (fourth) figure 
f't the numbers given in the preceding columns. The decimal 
I -int has i^een omitted as in tables of logarithms. 

Example 1. Find sin 43^ 51' from the tables. 

Opposite to 43° in the left hand column and under 48' we 
K ive 6921. In the same horizontal line the difference for 3' = 6. 
-A Iding these we get 6927. 

Thus sin 43' 31'=0'6927. 

COSINES 

86. Cosine tables, similar to sine tables are available, but 
they are generally a source pf confusion because cosine de¬ 
creases as the angle increases and-the-numbers in the difference 
columns are to be subtracted. In almost all the other tables, 
sine, tan, log, antilog, etc., these are added and as a matter of 
habit one is apt to add them in the case of cosines also and 
thus a mistake is committed. 

The student is advised to find cosines from the sine tables 
as explained in the following example. A little extra trouble 
in .subtracting the given angle from 90' is more than repaid by 
tiie lesser chance of mistake. 

Example 1. Find cos 48° 27'. 

cos 48°27' = 8in (90°-48°27')=8in 4r33' 

=0*6633 from the tables. 


t 
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tangents 

87. The Tangent table is siniilar to a sine table and is 
given in the appendix. The method ni using it is also similar. 
The tangents of angles greater than 4")° are greater than 1 Imt 
the integral portion is given in the 0^ column onl^’^aiidis 
omitted in the other columns to avoid repetition. 

A portion of tangent tables between 50'^ and 51' is given as 
a specimen on page 90. 

Example 2. Find tan 52" 2.0'. 

Opposite to 52^ and under 18' we have 2938, whicli means 
1-2938 '' ' 

Diff. for 2' = 16 which ie to bo added to 2938. 
tan 52'^20'=l (293S4-16} = l-2954. 

METHOD OF PROPORTIONAL PARTS 

88. Sometimes the tables available give the sine, tangent, 
■etc., of degrees only. For finding the function of an angle 
havicg also the fractions of a degree, the method of proportional 
parts illustrated below is a implied. 

Example 3 Given a table showing the sines of degrees 
only, find sin 35^'4. 

From the table of sines in the appendix we find that 

sin 35'' = '5736, and sin 36° = '5S78. 

At this part of the table the difference in sine for 1'^ 

=5878-5736 =:142. 

(It is convenient to omit decimal points in such calculations.) 

Diflf. for r=142. 

„ „ 

„ •4'^=56*8=57 (-8 of the fifth figure has been 

rejected to keep four places only) 

sin 35°’4=(*5736+57) = -5793. 

' 89. The reverse process of finding the angle whose sine, 

cosine or tangent is given will be understood from the following 

o xample. 
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Example 4. Find the angle whoso sine='0909. 

Looking up in the table L>r the neare.-^t number* 

lo-^s than 6999, we find 6997 against 44° and under 24'. This 
>-}ior t of the required value by 2. 

In the column of differences 2 is given under 1'. 

tlie required an*jle=44° 25'. 


SOUCD EXAMPLES 

Example 5. Find sin 250*. 

sin 250°=sin (ISO -1-70°) =-sin TO' 
= — *9397 (from the tables). 
Example 6. Find cos 290 . ‘ 0 

cos 290 °=cO 3 (360° —70 ) = cos 70° 


= cos (90°-2>°)=sin20*:^-3420. 
Example 7. Find tan 920*. 

tan 920* = tan (2x 360° !-200*j-^tan 2C0* 

=tnn (ISO ! 20')=tan 20*=*3640. 

Example 8. Find cot 22° 27'. 

cot 22'^ 27'=:tan (90° —22 27 ) 

=tnn 67° 3:V = 2 m202. 


Example 9. Find the angle whose coaine = *82r*4. 

Angle w'hose sine is 8254“55 3S' 
tlie angle whose cosine is *8254 --90 —55 ’ 3s —34* 22\ 


Example 10. Find the angle less tii:u\ ISO* wlnnso tangent 
= -2*4794. 

Angle whose tangent is 2*4794 2’. 

.*. the angle whoso t.ui is —2 4794= ISO' — 08° 2' = 111° 58' 


EXAMPLES XV 

[Us? of tables is necessary! 

1. Verify the value of sines, cosines and tangents of 0®* 
29 . 45% 60* and 90*. 


ADDITION AND SUBTRACTION FORMULAE 

4 

Find the value of 

2. sin 50“ 27'. 3. cos 15“ 44'. 4. tan 43“ 20'. 

6. cot 24"" 31'. 6. tan 185'" ’2. 7. cos 133- 3 

8- sin 293"-4. 

Find angles less than 180^^ whose 

9. Bin~*2345, 10 . cosine='7251, 

11. tangcnt=3'2138. 12. cotang 0 nfc = *1237, 

13. oor-ii)e=: — *3215. 14. tan^nt=—1*3421. 


CHAPTER XVI 


Addition and Subtraction Formulae 

90. To 'prove that :— , ^ 

inlA“rB)=sin A cos B f cos A sin B 
y^^;;^xofTAH“B) =cos A cos B -sin A sin p. 

Let / XOM=A. 

and /MON=B. 

aXON=ZXOM-^/MON 
=A4-B. 

, Take any point P on ON, 
the boundary line of 
Draw PQ and PR perpendiculars 
to OX and OM respectively, and 
also draw RS and RT ))cr|ie/idicu- ^ 
lars to OX and PQ respectively. 

ZRPT==90^-zTRP=/TRO=A [TR and OX being 1| 





I 


sin (A-bB) = 



PQ_TQ-|-PT 
OP OP 

RS-PPT ^RS ^ 

OP OP‘ OP 
ns wOR.^T PR 
OR OP'^PR OP 
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=sin A cos B-j-cos A sin B 


cos (A-l-B) = 


OQ^OS-QS 
OP OP 


_ OS-TR_ OS_TR 
OP OP OP 

^OS OP 
OR OP PR OP 

=cos A cos B -sin A sin B. 


91. To prove that 


sin (A—B)=sin A cos B—cos A sin B 
cos (A—B)=cos A cos B-Hsin A sin B. 



As before let 
/XOM^A and ZN0M=B. 
^\OX-/.XOM-^NOM 
= A~B. 

Take a point P on OX, the 

bontulai v line of A — B. 

% 

Draw PQ and PR perpendi- 
(•\il\r-Jlo OXandOM respec¬ 
tively and also draw R8 and 
Ur perpendiculars to OX and 
P(,> respectively. 


I 1^'C 13 II to OX J 


sin (A—B) = 


PQ_TQ-Pr 

OP" OP 

RS-PT_j;^S 

OP "OP 


PT 

OP 


RS OR PT PR 
"OR ^01' PR OP 


= Bin A cos B—cos A sin B. 



addition and subtraction formulae 


oos 


(A-B) = 


OQ_OS+SQ 

OP OP 


__ OS-i- RT _ OS RT 
OP ~OP+w 

^OS OR RT PR 

OR^^OP+PK^OP 
=cosAcosB+sinAsin B. 

0 prove that 



Wn f'A-f-R):^ jg" A+tan B 

1-^tan A tan B 

taff(A— A-tan B. 

1+tan A tanB 

tan (A+B) =®'" (A-f B) _sm A cos B+cos A sin B 

Divide both the numerator » i i ® 

ator and denominator by cos A cos B. 

sin A sin B 

Tiius-tan (A+B) = 9 ^^ A ^cos B tan A+tan B 

I ^ 1—tan A tanTB 

cos A cos B 


tan (A —B)—^ A cos B-^os A sin B 

cos (A—B) cos A cos B+ein A sin B. 
A c^ B*^^ numerator and denominator by cos 

sin A _ sin B 

Thus tan (A—B)=-^H^A_ cos B _ tan A—t an B 

1-f- ^ y ^ i+tan A tan^B- 

COS A cos B 

Caution. It should be dearly understood that the sine of fh 
sum of two angles is not equal to the sum of their sines vf ^ 

*tn (A+B) is not equal to sin A+sih B- Similarly the others 
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93 . To 'prove that : 


(i) sin 2A 
{u) cos 2A 

t{CD 2A 


2 sin A cos A. 
xos’^A—sin^A=2 cos^A 


-1 = 1-2 8in*A 


2 tan A 


sin2A== 


1—tan‘A 

2 tan A 
l+tan“A 


V 1—tan^A 

(i) Hin 2A—sin (A-f A) 

-sin A cos A-f-^OB A sin A 

=2 sin A cos A. 

(it) cos 2 V^cos (A + A)=cos A cos A-sin A sin A 

•=cos2A -sin^A=cos>A - (1 - C 06 >A) 

=2 cos^A —1. 

and is also-=(l—sin^A)—sin“A = 1 — 2 sin*A. 

♦ r- \ * OA * /A AX tan A+Un A _ 2 tan A 
(lu) tan -A-tan (A+A)-j_^^^ ^ l-tan^A 

♦(u’) sin 2A = 2 sin A cos A 

_2 sin A cos A 
cos'^A-f-sin^A 


[cos®Ad-Bin*A —1 


2 sin A 
cos A 


1 + 


sin*A 


[dividing numerator and 
deneniinator by eos*A. 


cos*A 

_ 2 tan A 

1 + ^an‘^A 

^(v) cos 2A —cos*A —sin*A 

_co6 ®A—sin®A 
€Oi*A-f sin*A 


[by {ii) 


[cos*A+3Ib‘“A= I 



ADDITION AND SUBTRACITON FORMULAE 


I— sin^A 
cos^A 
sin^A 
cos^A 


[dividing numerator and d.. 
nominator by cos^A 


_ 1—tanM 

l + tan^A 

Caudon. sin 2A is not equxl to 2 sin A, and so on. 
S4. To find the circular functions of lo^. 
sin 15°=sin (60‘’—45°) 

=sin 60° cos 45° —cos 60° sin 45° 


- v^3 _ 1 ^ 1 _ V3-1 

2 ^2 2 V2~ 2 xir 

cos 15°=cos (60°—45°) 

=co3 60° cos 45° +sin 60° sin 45° 


^ -I- V _L,= ^*3 + 1 

V'2 "*■ 2 ^2 2v2 

♦tan 15°=tan (60°-45°) 

_ tan 60°—tan 45° V3—1 y/3^i 

””l+tan 60'’ tan 45° i + V^ \/3 +1 

(V3-l)=^ _ 4-2x/3 
■" 3—1 2 * 

Vthtrwisi 

sin 15° _v/3-l^ 2-/2 „ 

= c^l5° 2V2 V3+L VS+l - 

SOLVED EXAMPLES 


ExaMplK t- Prove that 

2.A DOS A+sin 2A sin A = cos A. 

The vei v of the left-hand expression shows 
the ercpannioii . f ■ s ( 2 A—A)=cos A. 


that 
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■ nv. 2 A COS A+sin 2 A sin A 

= ( 1—2 sin?A) cos A+S sin A cos A sin 

= cos A —2 cos A sia^A 4'2 cos A siu^A 

% 

= cos A. 

txftmple 2 . Given cos 2 A=‘ 96 , find tan A. 

cos 2 A=- 96 , 

•. 2 cos^A —1 = ‘ 9 () 


I '• 


cos 2 A=^^ =- 98 , 

COS 2 A is also equal to 1—2 sin^A 
i -2 sm"'A=- 96 . 

sin^A = i^=;^ =-02. 


• • 


2 


tnn A = =V-“" 

^ cos=^A ^ *98 


-vi=;= 


• 1429 . 


Aliter. 


=•96 


or 


49 

cos 2 A = ‘96 

1 —tan®A 
l-ptan^A 

l-tan 2 A = - 96+-96 tan-A 
— 1*90 tan 2 A=- 96 - 1 = —*04 

-•04 1 


tan-A= 


— 1-96 49 


or 


tanA = \/-;^=4 = 1429 . 

’49 • 

— 1 o T) *i i. l+sinA—cosA , A 

Example 3 . Prove that . . —;r - =tan 

l-j-sin A+cos A 

We have sin 2^^=2 sin 0 cos 
Let 20=A, then 0= —. 


f> 


addition and subtraction for.mulae 


Oil 


sinA=2sin^ cos. 


Similarly cos A=2 oos2 -i, etc. 


i+sin A —cos A 


1 +2 sin eos 


1 4 -sin A-j-cos A 


2 A V 

14-2 sin cos 4 -/-) "A , . 

2 2 ^ V \ 


A 


A 


// 


2 sin-^ cos 

V 


+ 2 sin2 


A 

2 


2 sin 


A ^ A 

2 cos^-— 


. A A 

Sin -T / nns 


COS 


41 


sm 


A 

2 


+ si„ ^ 

. A 

sin— 

•/ 


. A { 


tan — 

4* cos “ J 
•> 

4imt 

•A 

cos 

•> 

2 




Example 4. If A + B-hC = 180", prove that 
tan A4“fc3<n B4“f3.n C = tan A, tan B, tan C 

A-fB4-C=180^ 

A4-B = 180^-C. 

tan (A + B) = tan (180^—C). 

tan A4-tan B ^ 

1 —tan C. , 

1—tan A tan B 

* 

Multiplying crosswise 

tan A4“tan B=—tan C4-tan A tan B tan C 
/. tan A4-tan B-f-tan C=tan A tan B tan C. 

Example 5. Prove that 

tan 5P—tan 31*"—tan 20^=tan 51'' tan 31° tan 20'’ 

tan 51®=tan (31°4-20') 

^tan^31^-tan 20° 

1—tan 31° tan"^° 
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Multiplying ciosawisc 

51°—tan 51 tan 31*^ tan 20°=tan 31°+tan 20 . 
tan 51"—t:in Ian 20°=tan 61° tan 31° tan 20° 

Example 6. Provo that sin 106° + cos 105° 

^ 11 ) 105°4-cos 105 =i>in{G0°+45°)H-co3 (60° + 45°) 

= 8111 (iO oos 45‘M-cos 60° sin 45°+co3 60° cos -to 

—sin 60° sin 45 . 




I 


^ ^ X-L+ ^ x-i—-^x-L 

2 ' ^- 2 ‘ 2 J2 ^ 2 J'l 2 ^/2 


I 


_ . L = ^ 

■2v2'’'2V2 

ixan.ple 7. J iiul the circular functions of 22J°. 

LOS 45° = 1—2 sin® 224°. 

1 


1 - 


8in2 2j! =- 


1—cos46®_ tj2 _s/2 —1 

2 2 2-/2 


sin -I-:'. = 

• J 2v/2 

cos 15 =2 cos* 221°—1. 


cos® 22 ‘. 


14-cos 45° 
2 


1 + 


1 

J2 _s/2-f 1 
2 2^2 


cos 221 = 


k/^4- 1 


J 2v2 


tnn 22> 


cos 224 " v/^2-h- 

EXAMPUES XVI 


1 . 

2 . 


Prove tiiat 2 sin t:i0°—A)=cos A—^3^A. 
If sin and sin B=|, fii^d cos fA-|-B). 


ADDITION AND SUBTRACTION TORJIULAE 


^ i ' 

A* JL 


cos (A-B) 

4. If cos A = -/y and sin B = hnd sec (A + B). 

5. If tan 2^=£, find tan 9, 

6. If tan A = find sin and cos 

7. If tan A=^ and B=45°, find tan (A —B). 

8. Find the circular functions of 75 . 

Prove the following identities — 


9. 


cos (A —B) ^ ^ 

V---D =fan A 4-cot B. 


cos A sin B 

10. 9in(2A-Bj cos(2B-ii)-cos(2A-B)sm(2B-A) 

=sin(AfB). 

11. cos{2A B)cos(2B —A)4'*in[2A — B).sir](2B — A) 

=cos 3(A —B). 

12. Pin (A-fB) sin (A—B)=sin-A—sin^A. ^ ^ 

13 cos (A+B) cos (A— B) = co 3*A—sin^B, 

14. cos (45°-i-A)+sin (A-45')==^0. 

-15. tan (45'’+A) = ^+1^"A- -16. tan (45 = ^ 


1 —tan A 


A A 

17. tan A—tan —=tan-^ sec A. 

^ z 


1-ftan A 


*18. tan A+cot 2A=co£ec 2A. 

19. cos (A —B) cos (A-f-B)—&in(A—B) sin {A-fB) = cos 2A 
* 20 . tan 2A tan 3A tan 5A = tan oA — tan 3A-~tan 2A. 

21. tan 63° tan 43° tan 20°=tan 63 —tan 43 —tan 20'. 


* 22 . 


23. 

24. 



(cos A-f cos B)(cos A— cos B) = J(cos 2A — cos 2B). 
sin 8A=8 sin A cos A coa 2A cos 4A. 
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25. Show tijat ros(A-l-R) = co3 A cos B—sin A sin B. 

{P.U, 1929, 1940) 

26- S1k)\v tliat sin fA f-B)=sin A cos B-{-cos A sin B. 

{P.V. 1930) 


CHAPTER XVII 


Solution of Right-Angled Triangles 


95. sci(‘nro of trijionornc^rv was invented for the jnir* 

of solution of tr ianplos rfc., the determination of the un¬ 
known sidrs arid aPL'l« s of a trianple fnnn certain known ones. 
The thr<c sides and the three anodes of a triant.de are called its 
^iN parts, and when any three of tliese are piven, providetl that, 
one nt least i.^ a fide, the values of the others can, he calculated. 
The solution of right-angled triangles only will be con.-'iderod 
this chapter. 


9 B. Otu‘ angle of a right-angled tnangie is equal to UU 
nd is thus always known. If j ny two of the other parts are 
^dven one nt least being a side, the 'riangle can be solved. 
Unless specially mentioned otherwise, the word side means auv 
of the three sides of the right-angled triangle. Only two oases 


of the 
arise 


(1) When any two sides are given. 


(2) When one side and one acute angle are given. 


97. To solve n 



riqht-nngled triangle iihen two skies are 
given. 

I.et. ABC be a rielit-angled triniiudo 
^^^tI^ angle C equal to a right angle. 

Angles are generally denoted by tho 
eapitalletters A. B and 0 and tlie sides 
by the small letters a, b and c, corros[tond* 
ing to the ojjposite angles. 

We have c*=6*-{-a*. 


SOLUTION OF RIOar-ANGLED TRIANGLES he 

Thus if any two of the siies are ^MV’^en tha third can la 
•calculated. 

sin B = —, cos B= ^ and tan B= ^ . 
c c a 

If any two of the sides are siven, one of these thri-r 
relations will exist heween them, the vi’ue of B can bf 
found with the help of the talbes if necessary. 

Having found B, we can find A from the relation A-f-L 
= 90'^. Thus all the sides and the angles of the triansle jne 
known. 

Example 1- Given 0 = 99'’, 6 = 12 an 1 c=l3. Solve tV 
triangle. 

$ 

(See the figure of the last article.) 

a 11)9 - J 44 =J-25 =5. 

sin B = }§ = *9231, 

B = 67° 23' from the tables. 

A=90°-67° 23' = 22^ 37' 

Example 2. C = 90°, 6 = 12, a = 4^3 ; solve the triangle. 

(Use the same figure as in the last article.) 

c =%/a^+ 62 =^144+48 192=8 y/S. 

1ianB=^^g =J3, B=60^ 

Hence A=90°-60-^=30\ 

98. To solve a right-angled triangle 
when one side and one acute angle are 
given. 

Let ABC be a right-angled triangle 

with angle 0=90°, 

If one of the acute angles A or B is 
given the other can be found from the 
relation A+B=90°. 

We have sin B= ",003 B= and tan B = 

c c a 
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If c is given, first and second of these relations will yield 
values of b and c. 


If a is given, second and third of these relations will yield 
' values of 6 and c. 

If 6 is given, first and third of these relations will yield the 
values of c and a. 


Example 3. A—30°, C=90°, 6=20v'^3 ; solve the triangle, 

B=90°—30°=60°. 


cos A = 


6 . 6 . 20V3 

H’ ••'“cosA’ 


a 


tan A= ^ /. a=6 tan A, 


Example 4. 


a=20V3 




0=60°, A=38° 19', c=50, find a. 


sin A= 



a=c sin A 


».e., a=60 X *62 (from the tables)=31» 

99. Tn a right-angled triftngle ABC like that of the figure 
< f the last article. 


=coa B, a=c cos B.(♦) 

=8in B, 6=c sin B.-.(u) 


^ =tan B. h=a tan B.. («i) 

Similarly, 6=c cos A.(it^ 

a=c sin A.(u) 

a=6 tan A.(v») 


Tliese relations are frequently needed and it is higlily 
it sirable that the student should be able to write them down 
it once from a figure. 








SOLUTION OF RIGHT-ANGLED TRIANGLES lOa 

Put in words they are .— 

Any of the two sides of a rtght-angled triangle containing the 
rxjhl angle is given by (i) the hypotenuse multiplied hy the sine 
the opposite angle or the cosine, of the adjacent acute angle, 'r 
(/M the other side multiplied hy the tangent of the opposite angle. 

SOLVED EXAMPLES 

Example 5- C=90^ A=56^*48, 

^=4264. Find <7. 

a=c sin A=4264 x *8337. 

]og 0 = 3-6298 I-l-9210=3*5508. 
a=3555. 

Example 6. The length of the per- 
pendicukr from one angle of a triangle 
to the opposite side is equal to 3 and 
tr.e lengths of the sides containing the 
iMigle are 4 and o. Find the angles and 
rlio third side of the triangle. 

Let ABC be a triangle with sides 
AB and AC equal to 5 and 4 respec- 
tively. AD = 3. 

sin C =“7 ='75, 

/. C = 48'^35' (from the tables). 

•in B = -|- = '60. B = 3C 52'(from the tables). 

5 

A-f-B+C=180°, 

A = 180'’—(B + C) = 180^—85°27' = 94‘’33'. 

BD=v'5^^^= /T6=4. 

DC=.y42^2=-/7 = 2-645. 

BC=BD+DC=6-645. 
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Example 7. A ladder -15 ft* loi\g just reaches 
the top of a watl. If the ladder makes an angle of 
60° with the ground, find the heiglit of the wall 
and the distance of the foot of the ladder from the 


wall. 


If AC is tlie wall and AB the ladder, 

/'\ 

AC = AB sin 60°=45x%' =:i8 07 ft 


BC = Ar» cos 60°=4r)X 




HEIGHTS AND DISTANCES 

100. We cannot find th.c height or the distance of an in¬ 
accessible object by direct iiieasurcincnt. I'or instance, it is not 
possible to put one end of a measuring tape at the very top of 
a higli tree or the peak < f a mountain wdiere we cannot climb 
up. Trigonometry helps iis in finding the lieiglits of such places 
by measuring certain angles from two or more places from 
which the object is visil)le. The measurement ol angles is done 
by a tiieodolito or a sextant and the principle of solution of 
triangles is made use of for calculations. Distances of stars are 
also measured on a similar principle. 

101. Let an observt i stand at O and see an object Q. 
Draw OP a horizontal line in the same vertical plane as OQ. 



Fig. 1. Fig. 2. 

In Fig. 1, where the object is above tho horizontal line OP, 
the angle QOP is called the angle of elevation of the object Q, 

In Fig. 2. where the object is below the horizontal line OP, 
the angle QOP is called the angle of depression of Q. 

[Note. In each case tlie angle is measured betwevii the lino 
of vision and the horizontal line ] 

Example 8. The angles of elevation of the top of a hill 
from two consecutive milestones on a straight level read going 


heights AXH HISTAXCES 


-fowards_ the hill are 22^ and -tr>- respectivclv 
of the hill above the road. 

Let A and B be the two mile¬ 
stones and C the ton of th-‘ hill. 

Draw CD, vertical from 0 to the 
line AB produeed. Ancles CAD 
and CDB are 22'^ and 4d respec¬ 
tively, Let BD b(' eciual to x. 

From the A ('AD, 

('D--AD tan 22 , 

AD= ^ 

tan 'I'l 


Find the i.eicht 


ill 


or ad-1700 = CD cot 22 

From the A CUD, 

• CD = HD tan 45 , 

CD 


BD = 


tan 45 


or . a;=BD cot 45^ 

Subtracting (H) from (/;, 

1700 = CD fcot 22^-cot 45°) 


CD = 


1700 

cot 22°— cot 45° 


• • • (‘') 


... il’^) 


1760 _ 1700 

2*4751-1 1 4751’ 


log CD = 3*2455 —-lOSS^S-OTOL 
CD=1193 yds. 

Any one of the distaiice^ CD, BD, AB and AD c vn be 
calculated if the two angles CAD and CBD and one oi ihe^e 
distances are given. 

Example 9. A person standing at the toj) of the vertical 
mast of a ship measures the ancle of depression of a po.nt on 
the shore to he 10°-0, and coming down a hundred feet, he finds, 
the angle of depression of the same point to be 9°’8. lit.*! t le 
distance of the ship from the shore. 



Its 
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Let A be t!ie top of the mast and 
]! a jjoiiit 100 ft. below. If C is 
the [xiiiit on tlio shore and AE 
and UK are liori/.ontal lines Z.CAE 
= 10 0 and .A'KF=V)"*S. 

Draw (M) a horizontal line to 
meet tlie vertical line AB pro- 
ciiced at I). Let (Tl) bo equal to 

/ACl) is abo equal to 10 6 and ^BCI> 9 ’S. 

In the A ACl), 

AT)=a; tan 10" G. 

lOO-f-BD-x tan 10 •(> ... ... ••• (0 

In the A BCD, 

BD=.t tan O ’S ... ... •*- 

Subtracting (//) from (i) we have 

100=j- (tan 10 (i-tan 

_ UKi _ 100 ^ 100 

tun 10 0—tan 9' S ’ISTl— 17^7 •0144^ 

log 3:=2—2 ir>S4 = :i‘S4IO. 

•*' = 0041 ft.=;l mile vds, 2 ft. 

Example 10. A person in an aeroplane Hying between 
Lahore and Amritsar (distance *13 miles) measures their angles 
o. (Jepre.ssion to be I'^ 'l j’ and 2 0' respectively in the same 
\ertical plane. Kind fttie height above the ground and his 
distanee from Lahore, idssuiuing the line connecting Lahore and 

to be horizontal. 

J^et A, L, and C 
denote Amritsar, 

Lahore and the 
Aeroplane respec¬ 
tively. 

Draw CD i to 
AL. 

AL is horizontal, /CAD^-2''G'and ^CLD = D12' os in 
the previous example. Let AJ)=a: (miles)7 DL = 33-a; miles. 






Iil^IOHTS AND DISTANCES 


10^ 


In the A CLD. 

CD={83—.r) tan ri2\ 

33—x = CD cot i 12’ 

In the A CAD, 

tan 2^6' 
e ot2''6' 

Adding (i) ana (it) 

38=CD (cot D12' —c.')t2 6'), 

. . ( D —T^r-::- • mi 08 = ft 

47-74-i-27*27 7501 ' 

: 2322 ft. 

In the A CLl 

^ CD=-CL sin 1 12', 

CD 33 

sin 1 12' ""/.VOl X-020!) =^1‘05 miles 


(0 


Hi) 


EXAMPLES XVn 

Use logarithms wherever convenient and tables where needed. 
/C = 90% solve the following triangles. 

1. c=4, 5 = 2/3. 2. 5=12, a=4. 

3. c=20/2, 5=20. 4 A=60^ c=8. 

5- A=45", 5=4. 6. A=54°, c=9. 

7. R=39^-4,5=2 ). 8. ^=225, 5=272. 

9. A=20' 14,5=4030. 10. a = -04. A=40 . 

11. c=72Gih 5 = 3]6.-2. 12. .• = 6'053, 5=3. 

13. B=4’ 73,5=604-7' 

14. If AD is jjerpendicular to the base BC of triangle ABC, 
find 5 and c ; given B = .30 , C = 4o and AD = I0. 

15. The elevation of the top of a tower from a distance 100 
ft. from its foot is 23' 10' ; find its height. 

16. The shadow of a man 5 ft. S in. high is 2 ft. long. Find 
the altitude of the siif). 
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17. Anglo of elevU.tion of the top of a tower 132 ft. high is; 
41 IS'. Find the distance of the ohserver from the middle of 
the tower. 

18- The angles of elevation of tlic top of a tower from two 
point'- 1000 ft. apart in a horizontal line passing tlirough its 
base are 20^ and 50^. Find the height of the tower. 

19. From the foot of a post 30 ft. high the angle of elevation, 
of a t.irret of a steeple is 45'^ and from its top the angle of 
elevat ion of the same point is 30°. Find the height of the turret 
above the ground and tho distance of the steeple from the 
observer. 

20. The 8iv_dc of depression of an object from the top of a 
towe: 100 ft, hinh is 42 ly'. Find the distance of tho object 
from the observer. 

21. From tlio top of a clilT 150 ft. high the angles of depres¬ 
sion of two boats both Uue south of the observer are 30° and 
15 . How far are the boats apart 

2L An aeroplane is flying 200 ft. high and it takes half a 

minute lor the anglo ot depression of a point on tho ground to 
change from 20 15' to 2M2'. Find the velocity ot the aero¬ 
plane. 


CHAPTER XVIII 

Simple Relation between the sides and 
angles of a triangle and solution of triangles 

102. To provp. that in any truingle the sides are proportionm 
to the sines of the opposite angles^ 

fi b c 

sin A^sin B=sin C formula) 

Let ABC be a triiuigle. (In Fig. 1 it is acute-angled and in 
Fig. 2 obtuse-angled.) ® 

Draw AD perpendicular to BC or BC produced. 

In the triangle ABD, AD=c sin B. 

In the triangle ACD, AD=6 sin C, (l-ig. 1) 



Ill 


SOLUTION OF 


TRIANGLES 


AD=6 sin (180^-C) (Fig. 2)=6 sin C. 



Thus c sin B=6 sin C. 

c _ 6 

sin C ““sin B 


Similarly by drawing perpendicular from C on AB it can be 
proved that ^ 


a 


sin B A ’ 

a h c 

sin A “sin B~sin 0* 


103. Givm two sides and th. includtd angle of a triayigh 

to express the third side in terms o: these. ' 

In the figures of the precediiig article, suppose 6, a and 'C 
are given. ^ 

We are required to express c in terms of 6, a, and C. 

In Fig. 1, CD=6 cos C, 

BD = BC—CD=a—6 cos C. 

AD=^; sin C 

In Fig. 2, CD = 6 cos (180 —C) = —6 cos C, 

BD=BC+CD=a—6 cos C. 

AD==6 sin (180 —C)=6 sin C 

Thus in both the figures 

BD=a—^>cosC 



112 


ELEMENTARY MATHEMATICS 


and AD=6 sin C, 

c2 = BDHAn2 = (a-6 cos sin C)** 

=a^—2a6 cos C+6^ cos^D+b^ sin-C 
=a*+6^(cos*C—sin^C) —2a6 cos C 
c2=a*-|-6*—2a6 cos C [Cosine Formula 

Thus the square of any side of a triangle is equal to the 
sum of the squares of the other two sides minus twice the 
product of tlie other sides and cosine of the opposite angle. 

103 {a)*. Solution of Oblique-angled triangles. When no 
angle of a triangle is a rigl»t angle, t!»e triangle is called nu 
^Oblique-angled triangle'. When any three of the six parts nf 
such a triangle, one at least being a side, are known, the 
remaining three parts can bo found and thus the triangle can 
bo solved completely. Several different cases arise for solution, 
but we shall take up only two simple cases here, the others 
being beyond the scope of this book. 

Case I. To solve a triangle when one side and two angles 
are given. 

Since in any triangle A-}-B-i-C=2 rt. 
Zh., the third angle can be calculated 
immediately when two of them are known. 

When the angles are all known, the 
other two sides can be found with the help 
of the sine rule ^(one side being already 
known), 

a _ 6 _ c 

sin A sin B sin C 
using tables, if necessary. 

Example 1* Given B=30% 0=45% a=6. [solve the 
triangle. 

The third angle A is given by 

A-:-B+C=180® 

or A=180 -B~-C= 180 - 30"-45° = 105° 

0 _ b _ e 

sin 105 sin 30° sin 45°* 



® ® (T) 


Then from the sine rule : 



SOLUTION OF TRIANGLES 



Therefore 6=6 ?!^^=6 


1 

■1 


Also 


sm 105“ sin (180^—75°) sin 75' 

3 

96^ (using table3) = 3‘l approx. 

fi V 

^ sin 105'^— ^sin“76° 


*7071 

—6x: ^~ using table3 = 4*4 app 


rox 


Case II. To solve a triangle when two sides and the includr^i 
€tngl€ are given. 





To be definite, let the sides b and c 
and the included angle A be given. The 
third side a can be calculated immediately 
from the cosine formula : —26c 

cos A. 

Three sides and one angle are now 
tcnowQ, the other two angles ca« be 
‘ialculatcd from the sine formula 

a _ ^ = c 

sin A fliu 3 sin 
using tables, if necessary. 

Example 2. «':iiven 6=3, c =5. A=60“, to sol^e U. 
triangle. 

The side o gi ven by 

-26c cos A = 32+5*-2x3x5Xcos 60'’ 

=34—30x1=34—15 = 19. 


Thus a=y i!^= 4-36 approx. 

b _ a 

The angle 3 i:- given by g gin A 


^yr 




.,,r Bin A = ,^ sin 60 =-^. 3 ^ 


3 

4-36 

h = ;<f' 35' approx, {using tables). 
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The third angle C can now be found from 

0=180'’-A-B = 180^-60^-36° 35'=83^ 25'. 

LAW OF PAitALLELOQBAM OF FORODS 


104. If two forces acting simultaneously on a particle 
' re represented in direction and magnitude by the adjacent 
>tdes of a parallelogram, the resultant is represented in direc* 
*»on and magnitude by the diagonal of the parallelogram 
oassing through the point of intersection'of the sides* 

[For Proof of this see some booh on Mechanics.) 

To fnd the resuU fvf of fivo forces P and Q inclined at an 
f-t'tjU. 0 to each other. 

Let BC and BE represent 
the two forces P and Q res¬ 
pectively. Complete the 
parallelogram BCAE. Sup- 
pose /EBC=/?. 

CA = BE=Q. 

Draw AD prependicnlar- 



/n^rn A to BC or B(^ [iro.luc^ d. 

/ACD is also e<|n.»< to ' 

J?CA = 180‘'-0. 

In .1 Sides BC. AC and /BCA are given. 

=P2+C." lOH fl. 

If a is the incIii„iA.„! of AB with BC. 

-AT)— AC Kin ff 

• AI) (j Min I 

ab ' 

^ ran^betalcukted' *^'®«'efore the value 

Or if AB is not hr,it. 

tan = ^ Q sin 6 

T. ^^-^W>~P + Q cos 0- 

P. Q and e an-, hoar , therefore „ can be found. 


* I 


LAW OF PARALLELOGRAM OF FORCES 
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Example 3. Find the magnitude and direction of the 
resultant of two forces equal to 3 and 7 units, incliacd at an, 
angle of 81°47' to each other. 

In the figure of the last article if R is the len<^th cf 
diagonal 

R2=p2q-Q3+2PQ cos 6 

=9+49+2x3x7xsin 8^13' [cos 81^47'=sin 8^13'.] 
=58+42 X *1429=64-002. 

R=8*000. 


If a is the angle made by the diagonal with the side 3, 


7sin81°47' 7 X *9887 

3ina=-—y-=-^ = 866, 



ExamplG 4. Given that the sides of a parallelogram ar& 
10 and 5 and the angle between them is equal to 134'’. Find 
tne length and inclination of the diagonal passing through the 
given angle. 

R2=p2+Q22+PQ cos 0 

= 100+25 + 2xl0x5xcos 134’ 

= 125 — 100 sin 44° 

[*.* cos 134 ° = —cos (1S0° —lo4°) = —cos 46° = —sin 44 

= 125—100 X *6947 = 125-69*47=r)5'53, 

log B=ilog65'53 = i(P7445) = *8723. 

R=7*462. 

If a is the inclination with the side 10, 

5 sin 134° 5 sin 46° 

tan «=^q:5 cos T34° 10—5 sin 44^ 

5 X-7193 '7193 

= W-^5X-6947" l-a053 ' 

• 

log tan «=P8569--1156=r7413. 
tan"«=*5512, a=28°52 . 

A- 


t 
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VALUES OF TRIGONOMETRICAL RATIOS FOR VERY 

SMAU ANGLES 


105. 


Values of cos B when B is very small. 

U p Let POM be a right-angled triangle with 

angle P0M=,7. From OP cut off OB = OM. 


9 

t) 


OM OB OP-BP 






B1 


OP OP* 

P As 0 diminishes, the difference between 

()}'arid O.V, r.; , i' j' bc.-oinos smaller and smaller and when 

BP 

0 i. Hufficiently small,becomes negligible in comparison 

»?ith I, therefore < 08 approx, for smaH values of 

INotr .in .>^1 i^ only an approximation and not a 
luatiiemuticallv correct result. 

a 

On consulting the tables, we find that where a rcsnlt 
« orroat up »o tbre-i d. oimal places is required this approxima¬ 
tion iH correct 1 .r all values of 0 le^is than P-g, and if a result 
.K.rrevt, only to t places of decimals is needed the a»proxi«a- 
liwaMuybe afird uatooT) and so on. Thus for diffsreat 
degrees of acenraev i here are different limite to the value of e 
up to which 0 may be (considered so small that cos 0=1 

106. Values for sin 0 and tan 0 for very small angles. 

Draw a circle of radius r with 0 as 
-wmtro and take an angle AGP. Let ^ be its “ 
radiun tiicasurf. Draw PM perpendicular 
to OA and A'V langiuit to the circle at A. 

Produce OP lo in-et AT at T and draw 
tlie chord PA. 

PM = GP .sin 0 =r sin 0 
AT—GA tfin 0 =r tan 0 
Area of A POA-A CdA x PM =Jr2 sin | 

Are^i of A T()A = 5 OAx AT tan _ 

It 0 is >dh |mii of 27 r (.1fi0°), the area of the sector POA is 

times the area of tlio circle. 
n 



FUMCriOXS OF VERY SMALL ANGLES 


n 


71 = 


2t- 


area of the sector POA = 

^ ^TT 


ir^d. 


A POA is evidently less than that of the sector 
rUA Which 18 again less than that of the TOA. 


Jr^sin 6 <.Jr2^<Jr2 tan 
sin ^ < d< tan ff 
Diriding all these by sin 9 

, 9 sin 0 } 


•*., (i) 


1 <'T-^ 

sm 6 


sin 0 1 

- X-^-— 

cos 9 sin 0 


i.e.y 


sin 9 cos 9 

A I 

between 1 and ^ 

8 in u />. 


But when 6 is very small cos $= 1. 


cos & 


n 

* ' %\^9 between I and 1, it is eqaai to 1, 

i.e„ sin 9=0 for very small values of i.'. 

]0i rising all the terms of {i) by tan 9 we liive 

. cos^ ^ 0 

sin - <i-:<! 

sinO tan 9 


eoBff<d .<l ■ 
tan 9 

i.e.y tan~9 small values of 9 or tan 0 = 9. 

t.€„ sin 0=tan 9 — 9 when 9 is very small. 

Caution ; 9 is the radian measure of the angle and not the 

sexagesimal measure. 

6 X 

Radian measure^of 5°= igo^~ 10*='1746. 

/. e for 6°='0873 and $ for 10" = *1746, 
sin 5°=*0872 and sin 10'*='1736. 
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Tp to three places of decimals sin 0=9 is true for 5® and 
<ivcn for slightly greater angles. Up to two places of decimals 
tliis ap))roximation is correct up to 10®. 

tan 5'’= 0876 and tan 10®=*1768. 

For an accuracy up to three decimal places tan ^=0 is 
just true for 5® and up to two places of decimals 10° becomes 
a little too largo. 

(Jenerally speaking angles up to 5° may be taken to be 
sufficiently small for ordinary degree of accuracy in these 
ai)lHT)ximationH. 

Example 5. From the top of a wall 7 ft. 4 inches high the 

angle of depression of an object on 
the ground is 24'30*, find its dis* 
tance from the wall. 

Let AC.be the wall and B the 
object. 

/ABC=24' 30'. 



tan, 24' 30 '= ^ AC ^ 

is the radian measure of 24' 30", which is so very small. 

40 ^ 3*142 , 22 

180 “"dAC=^ft. 


BC=—_22 x 120x180 
40X3142 ~3x49x3*142 
120x180 

log BC = (1*3424-!-2*0792+2-2653—*4771-1’6902—-4972) 

=30124. 

BC= 1029 ft. =343 yds. 

107. Angle subtended by an object at a given point is the 
angle between the straight lines joining the extremities of the 
object to the given point. Objects are seen by rays of light 
-proceeding in straight lines, and passing through the narrow 
bole ill the eye known as the pupil which may be considered 
to be just a point for all practical .purpose* 
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Example 6. Find the length of a rod which subtends lu. 
angle equal to 1* at the eye of an observer at a distance f*' 


100 ft. 


Let 0 be the observer and AB the rod held perpendicula* 
to the line of sight. With O as 
centre and OA as radius draw 
an arc of a circle, ZAOB is 
very small therefore AB is very 
small compared with the dis¬ 
tance OA, hence the point B will lie on this circle and the ehoj-i 
AC will practically coincide with the arc AB. 

If (9 is the radian measure of Z-AOB, AB = OAxf?, 

AB = 100x ^J^^^'"feet = 1*745 ft. 

Example 7. Find sine 30°’1 

ain 30°'l=8in (30'’+-r) 

=sin 30° cos ■l°+oos 30° sin '1° 

=ixl+ ^^x-igZ=-5+-866x0017 

= *6+ 0016=-6015. 



108. 

ii) 



its of sine, cosine and tangent- 


ordinate 

sine —vector 


The length of Jbhe ordinate MP is always 
less than the radius vector OP (the hypote¬ 
nuse of the right-angled A POM) and it may 
have any positive or negative value numeri¬ 
cally less than OP. Sine of an angle may thus 
have any positive value numerically less than 
unity and it lies therefore between+1 and 

—1. 

abscissa 

(fci) cosine— vector 
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Abscieea^ OM may Lave any positive or negative vahie lesB 
i Mil Uie laclius vector OP, therefore the cosine also lies bet* 
ween +1 ttnd —1. 

ordinate 

Un) tangent——, . 

® abscissa 

The ordinate PM may be less or greater than the abscissa 
'iJlVI and may have any value however small or however largo 
<4 (omparison. One of these may be positive and the other 
oigative, therefore the tangent of an angle may have any 
\ ihie positive or negative between + co and — oo. 

The graphs of sin, cos and tan will also illustrate these 
I .mita in a beautiful manner. 

Example 8. Can an angle 0 exist such that 2 sin^^-l-ein ^ 

' mII be ooual to 6 ? 

* 

i' 2 sin*<?-|-Kin-|-0 = 6 

2 sin*(?-|-sin t*—C=0 

— i±VlT^ —1±7 

^ ^ =3 or -2 

0 cannot have a value numerioallv greater than I there- 
t n- no value of 0 can exist which may make this relation 

puftsible. 


GRAPHS OF SINE, COSINE AND TANGENT 

109. To draw the graph of sin i*. 

% 

fst Method—Wc knew the values of sin 6 for certain values 
\. {i vi^. 0,30 , 45 etc. in the first t^uadrant. Values of ain 
for some values of 0 in the second ipiadrant can bo calculat- 
t -Mrom llie relation, sin (igC^—p) = 3in tK 

sin I20'’=Rin (180°-60'’) = 8in 60' =-'f- =-67, 

Rin 135'’=fin (!g0'’-4r>")=sin 4r. =-71, 

sin 150° = sin (180'’-30'’)=Bin 30’=i=-60, 

sin 180‘’=sin (180“ —0'')=sin 0’ = 0. 
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Values of sin 9 for certain values of 6 in the :»rd and 4tb 
quadrants are found as under— 

sin 210°=:8in(180^+ 30‘’) = -8in 30° = --5a. 
sin 225'^ = 8in (180°-f 45'’) = -3in 45°=-*71. 
sin 240°==sin (180°+ 60°) = -8in 60° = --87. 
sin 270°=sin (180°+ 90°) = -sin 90° = -l. 
sin 300°=sin (180°+ 120°)=-sin I20° = -*87. 
sin 315°=sin (180°+135°) = -sin 135° = --71. 
sin 330°==8in (180°+150°) =—sin 150° = —*50. 
sin 360°=3in 0°.=0 


Tabulating all these values we have— 


0 

1 

1 

0° 

) 

’30° 

1 

1 

45° 

1 

60° 

90° 

120° 

135° 150' 

1 

t?in 0 

% 

0 

* . 

t 

-50 

1 

•71 

» 

[ 

GO 

1 

'87 

•71 ' -50 ; 

; ^ 

4 


J 1 

9 i 210° ; 
\ 

225° ' 

1 

\ 

1 

1 

240° 1 

1 

4 

'1 

270° 

300° 

315° 

i 

4 

330 i 

( 

sin 9 

j 

-■50 , 

J 

t 

-•71 

1 

4 

-•87 

1 

-1 

1 ; 

— 87 --71 

1 1 

- *50' 

t 


180° 

0 



360° 




Draw the axes of a: and 3 / on a squared paper ^"d choose a 
c onvenient scale along the axis of a: to represen an , . . 
scale along the axis of y to/epresent sm (a scale m whu^h 
tiiiity on tL axis of y is equivalent to about 60 along the axis 

of xfgives a good shape of the curve.) Plot these values and 

join the points by a smooth curve. 

2nd Method (Geometrical). 

D,.. . olrcl. of unll r.dl». Joy conyemj* koS>h__ JW 

be taken to be unity) r divide the circum- 

which is to represent the axis 72). Mark them 

ference into an equal number of pa I y 





ELEMENTARY MATHEMATICS 


TO^> 

I 


from the rij^ht hand extremity of 
tho horizontal diameter and mark equidistHnt points, O', T, 2', 


j 


T- 


Ho/i 1 1 1 1 X r f' 

iJ 0' 1' r V_4' 5^ ?\J 1 

*■ 1 

1 1 

rrx 1 1 M 

y/iX 13' itfV 

:7tr - 

fO- ==SS3 

u 

-r. 


oic. along the axis of x. At these points draw ordinates equal 
to the corresponding heights of tho points, 0, 1,2, etc. of the 
circle above the axis of x. 

I Lines ])arallcl to the axis of ,i' Iiave been drawn from the 

points of division of the circle to facilitato tho drawinf' of the 

corresponding ordinntes. On a graph paper they are not 
necessary,] 

Join the extremities of these ordinates by a smooth curve. 
J Ins curve represents the grapli of sin 0. 

Proof. If C is the centre of the circle, angles ICO, 2CI, 

302 are all equal to J2■=30^ The points O'. 1'. 2' etc. on 

the axis of x are also equidistant. 

From any point of division of the circle (say 2) draw 2H 
peipcndicular to the horizontal diameter 

B2 

sin 2C0= =B2 because C2, the radius, is unity, 

^ distance 0'2' represents the angle 
2C0 and the ordinate of 2'is equal to 2B, therefore the 
ordinate of 2 represents sin 2C0. Similarly tho ordinates oi 
e pom s, 0 , 1,2, etc., on the axis of x represent the slues 

200 , etc. in the circle, 
Ar/ 1 ^ * ^ curve represent angles and the 

ofsinT^’ angles. Thus it is the graph 


and 


The point 12' on the axis corresponds to 0 on the oirclo, 

one comp ete revolution (360°) is represented by the line 

greater than 360® are represented bv tho 

in these angles are representetl 

c circle by 100. 200 etc. again in the second revolution. 
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It is clear that the graph is a continuous curve. The 
'height gradually rises to its ma-timum value. +1 (at 3 ) and 
then after passing through a value 0 (at 6 ) reaches it.s Jnaxi- 
mum value,—1 (at 9'), and completes the cycle at . 
■Continued further the curve is endlessly repeated. 

The curve extended right and left rc.semblea in eClear¬ 
ance the ripples produced on the surlace of sti I water a 
stone, or the waves in sea. One wave means the complete 
■cycle from 0' to Pi' and this distance is callec a wave length. 
The distances between two identical p nuts like I , ■ 

etc., are also equal to one wave length. 

Such curves are also called harmonic curves. 

110. To draw the graph of cos 6. 

let Method. 

cos ( 180 ^-fl) and cos therefore from 

known values of cosines of 0 , 30 , 45^,^bU^ana^^^ 


the 


can calculate the cosines of 120 , 1.5o , lou 


0 

0^ 

i 

30° 

45° 

i 

60° 

i 

90° 

i 

0 

O 

\ 

135° 

150° ISO’ 

t 

cos 0 

1 

CO 

• 

i-71 

% 

! 

, *50 

1 

0 

—■50 

-•71 

\ 

-■87 -1 


e 


21 


225 


240 


270 ^ 


300 


315 ^ 


330° 


300 


cos 0 


-•87 


—•71 


-■50 


0 


50 


71 


87 


1 


Plot these points with 0 along the 
along the axis of y and join the points by a smooth cu - 

2nd Method {Geometrical). , 

Draw a circle as in the case of sines an 'upotnning from 
«ame manner. Mark these points 0. 1 • 2. ® equidistant 

'the upper extremity of the vertical diamet . these points 

points 01, IJ, 2'. 3-: etc., along the axis of ^ and at thesej.oi 
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^^aw-ordinates correeponding to the lieijiht^i of 0, I, 2 etc. 
<11 t he circle. The extrcmit ies of these ordinates joined by a 



smooth curve give the graph of cos 

I roof. Take any jjoint of division on the circle and 

draw a perpendicular from this point to the vertical diameter 
(as 2R). 

B(5 

cos 2C0 — =RC; because tlie radius 2C is unity. 

The ardinate of thr point 2' is also equal to BC by 
<!onstruction. Similarly the ordinates of the points O', T, 2* 
etc., represent the cosines of / s 0 , ICO, 2C0, etc. Therefor© the 
cjii ve represents the graph of cos p. As in the case of sines 
the curve ha.s been extended to point-s I.*!', U', 16', etc., to 
reproaent angles grater than :hiO . 

111. Tn principle of constniotion the graph of cos ^ is 
sim.lar to tha t of mu 0 and dift'ers only in taking the upper end 
of he vertical diameter as the starting point instead of the 
riLht hand end of the hon/«.ntal diameter. The forms of the 

eori^p*'^ **^1 * except that 0' of the cosine curve 

This cosine 

h ff t,he sine curve through 00“ to the 

t< it. I Ills IS also a harmonic curve. ' 

before is equal to O' —12'; 1' —13'; 

112. To draia-the groph of tan 0. 

1st Method, (tan 180 .— d) = —tan p and tan { 180° I M 


■nlated fro,n the known vah.;; of' UnVents' of 

y ^vC* 


30 “, 46 % 
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The following table gives these values : 


e 


tan 6 


0° 

30° 


1 

4 

1 

0 

1 

1 

• 

! -58 i 

1 1 

1 


45° 60°, 90 


A 


J 1-73' 


e 


210° i 225 240° 270 


tan Q 


58 


1 


1-73 


OO 


120° 

135° 1 

o 

O 

180 

^1-73’ 

-1 

— '58 

• 

^ 0 

i 

300^ 

4 

315° 

• 

330° 

i’ 

-1-73. 

1 

-1 1 

1 

-•58 

4 


can plot these values on a graph paper and draw tin* 

graph. 

27^ Method {Geometricab. Draw a circle of unit radius as 
before. Divide the circumference and mark the points <>1 
division as 0, 1, 2, etc., beginning from the right hand extfemitv 
of tke korizontal diameter. 


. M 


Mi 



1 



♦ a 4 

i_ 


US' t- 




fflTs.T,, 

I 

1 _ 

T4Ik> 


* j M » ' 

Draw a tangent to the circle at the point 0 and produ. e 
he radii Cl, C 2 , C3, etc., forwards or backwards as necessary 
0 nteet this tangent at Tj; T.^, etc. 

Mark O', 1', 2', 3' et c , erjuidistant points on the axis of x 

nd draw ordinates at these points equal to 0, Oli, 01.„ et,. 

ospeoBively. 

Radii C3 and C9 are parallel to the tangent, therefore th.y 
Qeet it at -f CO and — ^ respectively. 
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Join the extremities of the ordinates by smooth curves.. 
These curves represent the required firaph. 

Proof. Take any points of division (say 2) and let the 

radius C2 meet the tangent at T,. 

OT 

tan 2 C 0 =^^-- 0 T 2 . 

The ordinate of point 2' is also eqvial to OT 2 . 

Similarly the ordinates of the points O', T, 2', etc., 
rci)resent the tangents of angles, 0, U.'O, 2C0 represented by the 
abscissae O', 0 —1',—2' etc. Hence the curve is the graph 
of tan 0. 

The graph of tan 0 eonsists (T a series of branches* 
extending from — 00 to -f co and repeating themselves at 
intervals of I >^0 . 

PRACTICAL APPLICATIONS 

113. Lamp and scale arrangement. Suppose a magnet, 
a coil of witv* or any oilier body suspended by a fibre or held 
bv a spring etc:, is rotated by some kind of force. The simplest 
metlio.l of measuring the angle of rotation is to attach a 
pointer to th** body and to fix a suitable circular scale under 
the ])ointer. Tlie movement of the ])ointer over the scale will 
indicate the dctl-'ction. Tiiis arrangement is found in a 
sensitive hahince, a static galvanometer, voltmeter, etc. Some¬ 
times the suspended system is too deliente to bear the 
weight of the pointer or the detlcction is too small to be 
r(‘ad on an ordinary scale, therefore an arrangement known as 
lamp and scale method is used. It eon>i.-ts 
of a small mirror M attached to a suitable 
jioint on the body and a scale S with a 
slit a to allow a narrow beam of light 
from a lamj) L to fall on the mirror. The 
light retlected by the mirror is taken on 
the scales. If the mirror M in its undis¬ 
turbed state is perpendicular to the path 
of light, the *’eflectcd beam will retrace 
its path of light, and will meet the scale 
at a. When the suspended body rotates, the mirror being 
rigidly attached to it rotates along with it through tho same 
angle (0) and the reflected beam will rotate through twice 
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this angle (2(9) (see some book on light). Let M' be the iicv/ 
Tjosition of the mirror and suppose that the reflected beam now 
meets the scale at a'. 

t js Cl d 

tan 20= - - -- 

distance irom a to tne mirror 

• , 

a'a is read on the scale and the distance between the slit 
and the mirror is measured by a metre rod. tan 2$ having 
thus been determined the value of 20 is found, from the table 
of tangents. Half of this gives the required value of 
deflection. 

When angles are very small tan 20=20 radians, which 
can be easily converted into degrees and the use of tables can 
be avoided but if tables are available, it is more convenient 
in practice to find the value of 20 from them. 

The lamp L is sometimes replaced by a telescope throiicyh 

which the reflection of a' is seen, or if the distance between 
the scale and the mirror is not very large, one can see it even 

1 an unaided eve. 

^ % 

Note. A beam of light serves as a long weightless pointer 
in this lamp and scale arrangement. 

Example 9. Find in degrees the deflection of a galvano¬ 
meter needle, when the spot of light moves through 20 mm. on 
a scale placed at a distance of one metre from it. 

In the figure of the last article 

tan 20 =T 5 g 5 = *O2, 

20 = ‘02 radians 

_ - 02 x 180 ° 

TT 

or 0=34'*o. 

114. Magnification by levers. Movements through small 
distances and angles, hardly perceptible to the naked eye, can 
be rendered clearly visible and capable of measurement b 3 ’ the 
help of bars and levers etc. Lamp and scale method of the last 
article is one example of the type where a beam of light serves 
as a bar. 
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Levem. Suppose a metallic rod AB is heated i»nd 

length increases to AB'. The in¬ 
crease in length BB' is generally 
too small to be measured accurately 
by an ordinary scale. 

If we attach a lever BFa with 
fulcrum at F to the end B of the^ 
rod and keep the end A fixed, tiio 
lever will take up a position B'Fm' 
when expansion takes place. A 
circular scale fixed under the end 
a of the lever measures the distam'c 
t hrough wJiicli a moves and if the lengths of the arms BF ami 
Fa of the levt r are known, BB' can be calculated. 

Let zBFB' is also equal to /). BB' may be takf*n 

to be the ai t (jf a circle with FB as radius because 0 is wiv 

% 

small. 

BB' _ aa' 

^ BF Fa 





BB' = aa' 


X 


BF 

Fa 


viz., the ratio 


Thu' BB' is determined. 

Magnitioation is equal to 

BB Br 

between tlie arms of the lever. 

115. Cogged Wheels. Let A and B be two cogged wheels 
■with CO and 20 cogs respectively having their teeth fitting 
exactly into each other. 

If the wheel A makes one complete revolution, the wheel B 
60 will obviout^ make three revolutions 

and thus a slow motion of A can hv 
magnified three times. Conversely the 
fast motion of B can be reduced to otu'- 
third in the motion of A. By a chain 
of such wheels the motion can be nuxg- 
nified or reduced to any extent. 

It is by such suitable magnifications 
and reductions that the seconds, minutes and hours are shown 



practical applications 


these is wMed 

Find^he“S,n\®o tlwug1[“whH. ‘\heTnd‘’''. ? T'"" ' ' 

.hen the end'’of the'” sifone^;^ l^'riLngt 

In the figure of the last article BB'=2 mm. 

Fa 


•and 


Bt 


r = I0. 


• 

BB' f’ 

.*. a«'=2x 10 mrn. = 2*0 cm. 

Example II. The number of teeth in two co^cr^fi 

Rnf ^ respectively. By how much will U 

a er wheel revolve if the larger wheel rotates through 3’)» / 

will ro^tf'th^^^^h *’ wh-' 

wheel " ^^«^-*chastheUr^^ ' 

= 15X^0^-]^^ thw. 

— loXclO =450 m., I J revolution. I 


EXAMPLES XVIII 

1. In a triangle «=1. h = '/3 and A=30° find B. 

^ Hint. 


a 


_ __ L> V 

sin A sin B^sinTc;/ 

and ^ respectiveiv 

ana ^o—oU . Jind the remaining parts. 

3. If B=60^ a=3 and 6=3'/3 find c. 

Forces acting at a point and the angles between them are 
given below. Find the magnitude of the resultant and also thfi 
angle which it loakes with the first mentioned force, 

4. 4,f,30". 5^ 15,3/2; 45°. 

7,9 60°. 7. 11, 14; 120°. 

8. Firifj tJir 7alue of $ from the relation, cos^^ — j 
^os ^-f-6=0. 
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elementary mathematics 


(P. U, 1931) 


9 1 he moon subtends an angle of 31' 7' at the ye of an 

-observer on i^^he suiface of the earth. At what distance from 
the eye should a 4 anna bit (dia. 1'95 cm.) be held just to cover 

dio disc of the moon ? , ^ j 

10 The eye cannot distinguish an object it it subtends an 

aii^le less than i'. What is the greatest distance up lo which 

1 piee (dia. i") can be recognised i 

11. Kind the cosine of 00° r). 

12. What i.s a radian ? 

Kind in seconds the angle subtended by a man (i ft. tall at 
a point in tiie earth one mde away. (P. e.. 1931) 

13 . Prove that in any triangle, the sides are proportional 

to the sines of the opposite angles. 

Use this theorem to deduce frem the triangle of forces that 
iilf three forces keep a particle in equilibrium each force is 
oronortional to the sine of the angle between the other two.*' 

^ ^ {P. U. 1927) 

14 . Enunciate the theorem known as the “parallelogram 
(if velocities.*’ 

If V and V represent the velocities along the two sides 
of a parallelogram end the angle between them, write down 
die exp^c^^ion for llif- direction and magnitude of the result- 
uit. Ib nce or other wise determine the actual velocity of a 
body whieli jiogsesses simultaneously a velocity \/2 miles per 
Hour due soiitli and 4 luilcs per hour due north-east. 

(i . U. 192S) 

15 Assuming that * is constant plot a graph between 

H1 n 7* 

# 

tand r. Table-? should be used for finding the values of r for 
^^ven values of i. 

16. Draw a graph of sin 0 and 0. (p. f/.) 

17 . Draw a graph of tan 0 and 0, (P, U.) 

18. One end of a steel rod is fixed and the other presses 
tgaiiii-t an end of a lever 10*5 cm. from the fulcrum. One rod 
iH iiig heated turns the leyer through 2^. Find the increase in 


length of the rod. (90° = ^ radians.) 


(P. U. 1926\ 


SPHEROMETER 

each Other, find the mao-nitude of “ f “■'’ to 

angle it makes with the first force. ''®^“ltaiit and also the 

20. A force of 5 lb anH nfi. ^ 

Ijalanced by a force of 7 lb ^ i ^ '• 'f'iiev are 

the formula user ' magnitude of Q 

91 D 

^ 1 - Prove that in any triangle “ = * ^ c 

Given /B =450 /r_7-o ^ si« G 

22. Enunciate tL theorem“known fstht' ‘para'n' 
velocities.’ parailelogram of 

paraSg^atLZrLnSe^:^^^^^^^^ ^ides of. 

for the magnitude and direction of the risuRant 


i 


CHAPTER XIX 

Splierometer 

ci,oi. tt'. r,;£..xsr' * “""bi. 

of the sphere through s ome point A 
Draw a diameter ED of the circle 
perpendicular to the chord AB cuttinv 

f^rtzontal section which is a circle 

liaving AB as diameter. 

From the geometry of the circle 

APxFB=EPxPD 

H=A(2R-A)=2Ra_^2 


• • 


IX. 


r‘ . h 





maximum 'ih^^oVtllyf ^ 
the sphere can be “alcukted! " 
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117. Spherometer. It is an 

instniinrnt used fur measuring 
small tliicUnes^cs and radii of 
curvature of spherical mirrors 
and lensrs. 'J'lie f'pLeromcler con¬ 
sists of a trip(/d, t in I<'gs of whirh 
ar*‘'d (i|ual hiigth and so a<l- 
jUtU'd that Uieir h-et A, B, C lie 
at the ooreeis (»f an ecpiilateral 
triaiighe An ;uc;n:uely tunu-d 
screw jMSsc' thiou. i tie* centre 
of this trij . 1(1 pel 1 . miicular to 
the I hme ut its fas** and earri s 
a milled iicad M .'uid a circular 
disc L graduated into a eertain 
nnnilar of equal divisions (gene¬ 
rally Ihii' A verticil scale S 
dividcci inio in liin.ctrcs is uttach- 
(d to ('U(’ Mill of (he tripod with 
its div.si.ms close to vlie edge of 
the disc. 



I he pdcfi ol the screw is such that one comnloto revolution 
ot ttiu (li'.e movc" the point E of the screw by half a millimetre 
or one niiliiraetie. If the jiiteh is o milliraetro and tlie disc is 
-ilivided into JOO l‘*rts the rotation of the disc by one division 
i.ieaiistlie niov< nn'iit ot the point of tho screw ior\^nrds or 

backwards by OOn millimetre. 


Measurement of Radius of Curvature. 

At the first the sphrometer is placed on a plane glass sur¬ 
face and the screw is rotated by the milled bead till its point 
}ust touches the surface when the instrument begins to spin 
round the , entral screw. The scale and the disc are read and 
tliifl reading i > called the zero rending, ric., the reading when 

the feet of the legs and the point of the screw are in the siuuo 
plane. 

Alter moving up the screw to allow for the convexity of 

the suitacc fit convex), the instruraen is placed on the surface 
whose ladiu-of curvature is to be measured. The screw is 
again moved (Sown till its point just touches the spherical 
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article. 


surface as indicatad again by the spinning of the instriHuent 

1 he diiference beiween this reading and the nrcvioM 'oTdin / 

gives the distance by which the topmost poirft J"L ^ved 

surface IS higher than the plane of the feet of tlie instrument 
r,:., the value of EF or h of the previous ins-fmtnt. 

Let a circle ABC represent the sec¬ 
tion of the sphere passing through the 
feet A, B, C of the spherometer and 
suppose F is the centre of this circle. 

ABC is an equilateral triangle of 
side I (say). Join FA, FC. aini FB. 

Draw FM perpendicular to AC. 

FA=FB=FC=r ; ZFAM=30° 

and AM=~=-- 


/ 



cos 30®= 


m 

AF 


> • 


AF= 


AM 
cos 30 


I 


I 


.ys' 

2 


Thus the value of r of the last article is known in terms of 
tile distance between the feet. 


(^) 

T>_ «>/S , h _ t h 

2r+2--a+2- 

% 

h is measured by the spherometer as explained above and / is 
measured by a metre rod and thus the value of R can be 

calculated. 


If the surface is concave the spherometer measures the 
depth Ffy as ht where E' is the foot the screw now touching 
the concave surface, and the formula is Cue si me. 


CHAPTER XX 

Co-ordinates 

118. The position of a point can be fixed in a plane irt 
many ways, Two of them known as Cartesian Co-ordinatea 
and Polar Co-ordinates are described below. 
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CARTESIAN CO-ORDINATES 


1 ^OX and \OY' be two lines at right angles to 

eanl. othrr intersecting at O and suppose P is a point in the 

toe YOy"" y ‘he line XOX' and a; from the 



P (^->1 




\ 


As explained before, the lines 
XOX' and YOY' are called the 
axes and the j)oint O is known as 
the origin. The distances r and y 
ei~, abscissa and ordinate are called 

the Cartesian Co-ordinates of the 

point P, 

Unknown co-ordinates are gene¬ 
rally denoted by the letters a* and 
y and the known ones by y\ j,, 

. ; " Pi, otc. 

The points are denoted bv the 
values denoting their co-ordinates. The point (a:, y) is the 

point whose abscissa is x and ordinate is y (the point P of the 
figure). 

120. To express the distance between two points in terms 
of their rarlesian co-ordinates. 

I.0t P(T„ v„) and Q t.r„, y^) be the y, 

given points. 'I 

Draw 1*M and QN the ordinates of P 
and Q and QH ]ierpedicnlar to PM. 

OM=.rj and ON=,r^. 

PM=yi and QN = //., 

QR = N M = OM - ON=j- 
PR=PM - RM=PM __ Q>j J' _ 
l'Q“-QR''‘+PR==(.r,-j;,)>+(3,,_y„)2. 

PQ= , (r,-X2)a+(y,_y^)!!. - 

Md * ** ’''^* distance between the points (7, 6) 

The di8tance=v/'{7-.1(*+{6_(^r^*' 

= 82 
=.yh0=8-944. 



CO-ORDINATES 



Example 2. Show that the points (2,-2), (8, 4), (5, 7) and 
( — 1, 1) lie at the corners of a rectangle. 

Distance between 1st and 2nd point 

= / (2 - 8)2-h (- 2 -1= '/72, 

Distance between 2nd and 3rd point_ 

=.yr8-5)“+(4-7)'=\/18- 

Distance between 3rd and 4th point 

=iy(5+ljH(7-l)2=iy72. 

Distance between 4th and 1st point 

^y^(_f:i^2‘:jr(r+2)2= 

This shows that the quadrilateral formed by joining those 
points in order has its alternate sides equal viz., it is n 
parallelogram. 

Distance between 1st and 3rd point 
Distance between 2nd and 4th point_ 

= VWVi)^-h (4 -1)2= -/bO. 

Diagonals are equal, therefore it is a rectangle. 

POLAR CO ORDINATES 



121. Let O be a fixed point 
and OX a fixed straight line in 
the given plane. 

The position of any point 
P in the plane is completely 
determined if distance OP fr) 
and ZXOP {$) are known, r and 0 are called the palar co¬ 
ordinates of P, with respect to the point O known as the pou> 
and line OX, the initial line. Length r is called radius vector 

and 6 the vectorial angle. 

122. Relations between the cartesian co-ordinates and 

the polar co-ordinates of a point. 

Let P be a point having a: and at 
cartesian co-ordinates with respect U.- 
OX and OY and r and /? as polar ctv 
ordinates with respect to O and OX. 

(t) Cartesian co-ordinates in term 
of polar co-ordinates :— 

z=r cos *in 



X 
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(?a) Polnr co-ordinates in terms of cartesian co-ordinates :_ 

r = V if tan 0= '-viz. 0 =tan 

X 

The foimnla proved in the previous article and all other 
t(,in ulac in tcims of caiUsian co-ordinates can be expressed in 
rei ins of polar co-ordinates either direct!}) or by the help of the 
relations given above. 

123. 'J o find ihe distance Lctween two points in terms of 

their polar coordinates. 


[Art 103. 


Ret P and Q be the two points 
with Tj. 0^ and r 2 , 0^ as their polar 
co-ordinates. Join PO, 00 and 

PQ. 

^P 0 X = tli and ^Q 0 X=^o. 

, , ••• ZQOP= 02 - 0 ,. 

IntheAQOP * '* 

PQ = ri 2 -f r/- 2 r,r, cos 
PQ='/»'iH?' 2 ^- 2 ?jr 5 cos (('a —tlj). 

EXAMPLES XX 

Find the distances between the following pairs of points 
wn rect up to tw’o places of decimals. 

1. (2, Dane! (- 2 ,- 1 ). 4 . (4. 3) and origin. 

2. (2, 3) and (4,—5). 5 . (—4, -2) and (- 6 , 3). 

3. (<), S) and (2, 4 ). 0 o) and ( — 9, —3). 

( 3 , 4 ) = 8 ‘ between (x„ 2 ) and 

- IHio "’h «"d (-13, 

I, lie en a eir.le with eentre (-13, 84) and radius 85. 

.n 4uital,';iT«“s,i;” »> “1 12 +vs.w 

10 . Prove that the points ( 2 , 3 ), ( 0 , 3 ) fC 71 71 are the 

omers of a square whose side is equal to 4. ^ ^ 

II. Show that the points (9, 12). (/20 141 and/lO fii/oV 

equidistant from the origin. ^ ^ ^ 



124. 

iJxis of X. 


CHAPTER XXI 
The Straight Line 

To find the eq^uation to a straight line parallel to the 


a 


0 


y'l 


|C S' straight line parallel 

i to the axis of x. 

The distance of any point on AB 
from XX' viz., the ordinate is con¬ 
stant say equal to a. 

y=a is the required equation. 
125. To find the equation to a 
straight line parallel to the axis of y. 
Let CD be such a lino. The dis¬ 
tance of any point on it from YY' 
viz.j the abscissa is constant, say 
‘0 equal to b, * 

a:—6 is the required equation. 

126. To find the equation to a straight line in terms of its 
iydercept on the axis of y and its inclination to the axis of x. 

Let AB be a straight line cutting off an intercept OQ=c on 
the axis of y and having an inclination $ to the axis of x. 

Take any point P fx, y) 
on this line and draw 
PM its ordinate. Draw 
QR parallel to OX meet¬ 
ing PM at R. 

/.PQR is also equal to 6- 

?5=tan B ; 

PR—PO tan^=xtau t 

=a: tan ^+OQ 
—X tan B-\~c, 

y-{;X tan $-\-c is the required equation. 

If tan 6 is put as m the equation becomes 

y=mx-\-c. 

X and y are interchangeable and an equation ^ 

also represent a straight line with c an intercept on 
and m the tangent of the angle made with the axis of y> 



i37 
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Cor. Tf the line passes through the origin, c=0. 

y—mx is the equation to a straight line passing through 

the origin. 

Tile equation is called the tangent form or slope form nf 
tlie equation to a straight line. 

Example 1- Find the equation to a straight line making 
an angle of 45® Avith the axis of x and cutting the axis of J/ at a 
distance of 4 below the origin. 

In this case wi=tan 45® = 1 and c=—4. 

4 is the required equation. 

127. To find the equation to a straight line tn terms of i*s 

intercepts on the axes. 

Let AB be a straight line cutting 
the axes at A and B. 

Suppose OA=a and OB=6. 

If P [x, y) is a%y pomt on this line, 
draw the ordinate PM. 

As ABO and APM are similar. 

PM _ M A _ O A - Oil _ , OM 
BO OA OA OA 

. t/ , X 

t.e., , = 1 —" » 

o a 

X 1/ 

+-^ = ] is the required equation. 

This equation is known as the intercept form of the 
equation. 

Example 2. Find the equation to the straight line which 
cuts off intercepts equal to —5 and 6 on the axes of x and y 
respectively. 





be the required equation. 




The values a and b are —5 and 6 respectively. 




6x—5t/-|-30=0 is the required equation. 



THE STRAIGHT LINE 



been^fLd^alov^ ^ 

y=mx-\-c and - 4 - ^ =1 

a 0 

41 noticed that both tliese forms are equations of 

■tile nrst degree. It can be shown that any other equation of 
tue first degree represents a straight line. Ax-‘-By+C=0, 

r ^ ^ constants, is the general equation 

01 the first degree. 

129 . Different forms of tie equation to a straight line can 
be easily transformed from one form to another. 

(a) To express the tangent form in the intercept form and 
vice versa. 


(i) y~mx-\‘C 



y — 

c V 


+ 1 , or 




or 


H— = I (the intercept form). 
c c 

m 


X ,'y 

M -• +-f =1. 

a 0 

OP y=^— .^^r4-6 (the tangent form). 

(6) To express Ax^ By ^ 0=0 in the intercept and tangent 

forms, 

(i) Aa:+By+C=0 
A ^ B 


c 


• • 


q- (the intercept form) 

C C 


A 

(it) Aa:4-B^4-f^=0 

B2/=—Aa;—C 

^ tangent form). 


y 
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hatter form cf tlie equation represents a straight line 
'laviniran intercept-— on the axis of 2 /and inclined to the 


'ixi.- of X at an angle U such that tan 0=~ , therefore 

B 

A3--L also represents a strait:ht lino. 

130._ An efni!itit)n to a .straiglit line passing through two 
given points can he found as under, " ° 

and (^-"4 a * “ straight line passing through (2. 3> 

Let ij=mx+c be the equation. 

Points (2, 3) and (-4, I) lie on the line. 

3-2r/id-c.(i) 

^ ~ -Iw-hc.(fi) 

Subtracting (ji) from fi) 

6r«=2 or = J 

Substituting this value of 7n in (f) we get 

3 *» j « 

= + c = ^. 

tn atifi c are thus determined, 

a*— I =0 is the rcfiuircd equation. 

Instead of supposing the equation to be y^jnx-f c. we can- 

tnppo.H- It to Of ^ -h '1^ and find the value of the constants 
a and b. Final equation will be the same in both cases. 


131. Collinear Points. Tl.ree points may bo proved to 

he eoliinenr by liiiding the eipiation to the straiglit line through 

two ot them an<i showing that the co-ordinates of the third 
jioint also satisfy it. 

Example 3. Show that the points (I, 2), (7, 8) and (5, 6) 
he on a straight line. 

i.et be the equation to the straight line passing: 

through the l.vt and 2nd points. 


2 = mxl4'r. {i) 

8 = mx7+f. 


7 « = 1 and c=l, 
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and the equation is 

The co-ordiiiatcs o and 6 of the t!iird point also sif? f 
, this equation, therefore the third point aiso i^es on the 
, line joining the first two. Miaight 

132. Points of Intersection of lines T!ie point of inter 
section of two lines lies on both the lines, therefore the co-ordi- 
nate.s of this point ^nu^t satisfy the equations of both of them' 
^ The finding of the p.oin: of intersection of i.wo lines thus 
j means the finding cf the values of a; and y which will satisfy 
' both the eqnations, i. ^ , the solution of the given eouations '' ^ 

Example 4. find the point of intersection of tJie lines. 

4x'+3?/=10. {i) 

3a:4-oy=13. {iil 

Multiplying (o by 3 and (ii) by 4 and subtract 


il.v-f'22. y=2 


Substituting th o in (i) : 4a:d-()=10, . 
Thus (1, 2) is the point of intersection. 


a:=l. 


133. Concurrency of lines. If three or more line.s are 
concurrent, viz., pass through one point, we should be able to 
find a point the co-ordinates of which satisfy tlie c -iiations of 
all of them. In practice the point of intersection of two of the 
lines is determined and if the co-ordinates of this point satisfy 
the equations of the other lines also, all those lines pass through 
the same point. 

Example 5. ^I'how that the following lines are concurrent_ 


'lx — 7)!f f 1=0.(0 

.r-:j//-|-6=0. {ii) 

X -t- y-r-l=0. {Hi) 


Take equations (it) and {Hi). 

Subtracting {Hi) from (ii) we get : 2:5, + 2=0 or /y= —I. 
Substituting this in (Hi)-: a;d-3=0 or x= —3. 

By trial we find tli-it equation (i) is also satisfied by these 
■ values of x and //. 

K Hence the point (—3,— I) lies on all the three lines, viz., 
the lines are concurrent. 








ELEMENTARY MATHEMATICS 



*134. An equation of the first degr.'c represents a straight 
line. Equations of the second degree generallv represent some 
curves, but some of them represent a pair of straight lines. 

Oondder the equation x- — ?>xy~Ay-=^{), 

The equation ma^ be written as 4y.(a;-fy)=0. 

This equation is satisfied if .r—4^=0 or = 

The (juadratic equation is thus reduced to two equations of 

the first degree, therefore it represents two straight lines given 
by these ecpiations. 

As n rule, if a quadratic equation can be expressed as a 
productof two factors of the first degree, the equation will 
represent two straight lines. 

If the factors are not apparent as above, we can use tho- 


formula 




for finding tlio linear equations. 


Example 6 . Find the straight lines represented by 

- Cr y-t-0X^=0 


^ fia^± V.VJa:- —_ f)X±4x 

7 , -— = ox or X, 


A 2 /=a: are the required straight lines 

EXAMPLES XXI 


Find the equations to the straight lines whose intercepts 
on the axis of y and inclinations to the axis of x arc :_ 

1. 1 and 45°. 2. -2 and 30 . 

Find the inclinations to the axis of x of the straight lines 
represented by the following equations : — 

3. :3x+3y+2=0. 4 . r)a:-j-3y-j- 15 — 0^ 

Find the equations to the straight linos passing throu- h 
the following pairs of points :— © 

5. (0.0) and (2,-2). 3. (-1, 3) and (0.-7), 

7. (-3,0) and (0.-5). 

Find the equations to the straight lines whose intercepts on 
the axes of x and y respectively are :— ^ 

8. 2 and 3. 9. i and 5. IQ. -4 and-4. 


V, THE STRAIGHT LINE 
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11. Find the equations to the sides of a triangle, the co- 
r-rdinates of whose angular points are (0, 1), (2, 0) and 
(- 1 ,- 2 ). 

*12. Prove that the points (1,-9), (1»—’^ 3 ^) (‘I* —5) 

are collinear. 

*13. Show that the points (—3, 1), (”V, 2) and (1,-2) 
he in a straight line. 

Express the following equations in the intercept form ; 

14. 4a;+3y-ir>=0. 15. 5x+22/+10=0. 16. 4.x-Zy^2. 

Find the points of intersection of the following pairs of 
lines ;— 

17. S:c—5?/—1==0 and 7a:—42/+l=0, 

18. 3x’-h52/-{-7=0 and 4x—S t/—10=0. 

19. Find the equation to the straight line joining (1,.2) and 

the point oi intersection of the lines 3a:—?/—3=0 and 

4a: 4-22/—14=0. 

20. Find the equation to the straight line passing through 
the origin and the point of intersecDion of the lines 2a:H-2/+l=0 


and a:-f--g' + l —9- 

*Show that the following sets of lines are concurrent 

21. 22- x-y=-0, 23. 9a:—Cy=3. 

2 a:+ 2 /+ 7 = 0 . 2a:-3T/+l=0. a:+2^=ll. 

;cq_2i/-f-8=0. 3 r- 22 /=l. y-x=l. 

Show that each of the following equations represents a 


pair of straight lines :— 

♦ 24 a:2-4/=0. 25. y^+^xy+x^=Q. 

26, Obtain the equation of a straight 

intcTcepts on the axes. . 

27. Plotting the logarithm of the pressure of 

the logarithm of its volume the distances from the 

Si-rhoK? V4lmf Saw P. Tmoy 

and the volume of the gas ? Name the law. 
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CHAPT^Jr XXII 


Equations to cWcIe, Parabola, Ellipse and Hyperbola 

135. Def. A circle is the locus of a point which moves =o 
that its distaucr trom a fi^cd poiyit is alv;ays constant. 

^ The fixed point is called the centre of the circle. 

V/ 126. jind the equation to a circle having the origin <ts Us 
centre. 

Draw a circle with O as centre 
and a as radius and take any point 
P on this circle. 

Join PO and draw PM the 

ordinate of P. 

OM2-fPM'=OP2, 

a;2-f72_„2 

This is the required equation. 
137. To find the general equa¬ 
tion to a circle. 

Let C {h, k) be the centre of a 
circle and a the radius. 

Take any point P on the circle 
and draw PM and ON the ordinates 
of P and 0. Draw CL parallel to 
OX to meet PM in L. 

CL=XM=OM-ON=a:-//, 
PL=PM-LM = PM-CN=»/-i' 
But CLM PL3=:CP2. 

{x—h)^^{7j-~k)^—a^ is the 

required equation. 

138. Any equation which can be written in the form 
(r——represents a circle with point (h, k) iw 
centre and a a.s radius. r 

» I 

Consider tlic equation 

2/^ 4-2j 7X-f 2/^-p e=0. 

Add y^-\-p to both the sides and transpose c to the right, 

+-V-h ffM-2/’* 4-2/2/+/-=i/H/* - c 

(®+i/)^4-(s/4-/)“={/(;3:p/C:^a 



» 
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THE PARABOLA 


'i45 

/. the given equation represents a circle with {^n 

. , -_ ' i/t J) 

centre and —c 3^3 radius. 


139. 

Article. 


Note the foUowing points in the equation of the last 


(») The equation is of the second degree. 

(ii) Co**efficients of and ir are equal. 

(m) There is no term containing the product ary. 

If these conditions are satisfeJ we can always express a 

given equation in the form and bhereiorr 

the equation represents a circle. 

i 

l. Example 1. Find the equation to the cirole havin<r its 
centre at (2, 3) and radius equal to h. ® 

A=2, Ic=3, and a=-h. 

the equation is (ar—•2)2-r(y*-3J2=5*. 

i.e., 4a:-^y—12=0. 

Example 2. Find the centre and the radius of the 
represented by 2x^-^2y^—2x~2y-~l=0, 

Dividing all the terms by 2 ^.nd transposing the indepen- 
■dent term to the right, we get ^ 

Add to both the sides, 

a:+J+y»—y-f 

the point (J, 1) is the centre cud 1 is the radius. 


[Note. The quantity added to both the sides of the equa¬ 
tion is the one necessary to complete the squares with x and v, 
and is therefore equal to the sum of ;ije squares of the senn- 
co-efficients of x and y.J 
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'niE PARABOLA 


140. Def. A parabola is the locus of a point which moves 
so that its distance from a point is always equal to iit\ 
distance from a fixzd straight line^ 



elementary mathematics 


H6 

The fixed point (S) is called the focus and 
6ir;d'd:t line LN is called tlie directrix. 


the lixol; 



The straight'line XSZ perpemlicular to the directrix and 
{massing through the focus is called the axis. 

The point 0 where the axis meets the parabola is called 

the vertex. 

141. To Jim the equation to a parabola referred to the 
^ verUy as origin and the axis as axis of x. 

/ tAc any point 1 > on the parabola. 

/y mid RT p( rpendicTlars to the axis (OX) and the directix (LN) 

' respectively. 

From the vertex 0 draw OY as perpendicular to QX to 
represent the axis of Y. 

Let OS=:a 

Point O lies on the parabola, OS=OZ [Def. 

Point P .. .. PS=PT [Def. 

=PM-*=PS* - SM*=PT* - SM* 

= ZM2-SM>=(OM+ZO)*-^O^^OS)* 

= (z+«)*—(x—ap=4aa:. 

y^=4ax is the required equation. It may be written 
aa where m is a constant (equal to 4a). 


THE ELLIPSE 
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X and y are always interchangeable in all standard equations 

and the figure rotales through a right angle if they are interchanged 

Thus x^^4ay will also represent a parabola whose axis lies on- 
the axis of y. 

THE ELL[PSE 


142. Ellipse is the locus of a point which moves so that 
its distance from o, fixed point hGo^rs. a constant ratio less than 
unity, to distance irom a. fixed straight line. As in case of 
parabola the point and the line are called the focus and the 
^rectrix respectively. 



Ellipse, as proved in books on Geometry, is a closed curve hav¬ 
ing also a second focus S'. The line joining the foci is called the 
axis. There are two vertices A and A'. 

Bisect AA' at O and draw BOB' perpendicular to AA'. 

The curve is symmetrical about AA and BB . 

AA' is called the major axis and BB' the minor axis. The 


point O is called the centre. 

143 . Equation to an ellipse referred to the centre as origin- 
and the axes as axes of comordinaies. 

yC 

If OA=a and OB =6, the equation-^ + -^ = 1 represents 


■he relation between the co-ordinates of all the points on ths 
Jlipse Sed to OA as axis of * and OB as ax.s oty. 

^ PN* 

[The proof directly follows from the relation 


+ 


PM» 


OA^" ' OB* 


1 as proTed in books on geometry.] 
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THE HYPERBOLA 

144. Def.—Hyperbola is tho locus of a ‘point which moves 
so that its distance from a fixed point bears a constant rntio, 
greater than unity, to its distance fro u a fixed straight line. 

As before, tiie point and tbe line are called the focus and 
the directrix respectively. The general equation to a hyper- 

bola is —,.> =1. 

or 

145 The cquatirin to a particular kind of hyperbola known 
as rectangular hyperbola referred to axes inclin^ at 45 to its 

axis is 2*^=0 wliere c is some constant. 



The equation xy=c ia of frequent occurrence in Physics ai 
■therefore the shape of its curve (rectangular parabola) ‘is wor 
remembering (sec ligure). ' 

The iraph of P and V, where P denotes the pressure and 
the volume of a ^iven mass of a gas at a eonstant^ t^emS 
IS a rectangular hyperbola because 

Px V is constant |Boyle's law.] 

Note. Tho parabola, the ellipse and tho t i 
called conic sections or simply conics. TP®rbola j 

TRACING OF CURVES 


TRACING OF CURVES 
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circle data just necessary for drawing these can be obtained' 
and the curve can be easily drawn on a graph paper 

^ equation is of the first degree, it represents a. 

straight line and if two points are found, the line can be drawn. 

Example 3. Draw the line 4a:-f-5^+7=0. 

Give any two convenient values to x and find the corres¬ 
ponding values of y, 

Ux=2, y=—3. 

If x=—3t y=l. 


Plot the points (2, —3) and (-3, 1) on a graph paper, join, 
them by a straight line and produe it both ways. Thii will be 
the required line. 

Sometimes it is more convenient to find the intercepts on. 
the axes. 


Example 4. Traoe the curve of-^ ~ "f*- 

When x=0, y~33. 

When y=0, a;= —II. 

Take a point 33, along the axis of y, and a point —11* 
*■ along the axis of z and join them. 

(6) If the equation is quadratic, either it represents a 
pair of straight lines or a circle or some conic. 

(i) If the equation is of the form x~-\-y^-\~2gz-j-2fy~\-c=0,. 

it represents a circle with —f) as centre and c as 

radius, and therefore the circle can be drawn. 

(n) If the equation is not of the form of the circle, try to 
split it up into two factors of the first degree and if successful 
draw the two straight lines separately. 

(iii) If the equation does not come under (t) and (it), give »- 
series of values to a: or ^ and find the corresponding values of y 
or z. Tabulate them, plot the points thus obtained on a graph 
paper and join them by a smooth curve. Parabola, ellipse etc. 

are also better drawn in this way. 

(c) Curve of a degree higher than second should be tfeatedi 
as (m) above. ■ 

Example 5- Tvzoe the curve of 
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This represents a circle (the co-efficients of a:i/=0). 

The equation can be written as 0)*=9. 

(—1,0) is the centre and 3 the radius. 

Example 6- Trace the curve of a:*H-3xy+2y"=0. 

This equation contains xy and the co-efficients of a:* and 
nre different, therefore it cannot represent a circle. It can 
however he factorised as is apparent, or by the formula of the 
quadratic equation 

2 2 ' 
x^~y or —2y. 


These are the cfiuations of the two straight lines represent¬ 
ed by the given quadratic equation. 

Example 7. Trace the curve of 4- - values 

r y ^ 

of x > 8. 


When simplified the equation becomes 8x-i-8t/=a?y. 

The right hand side is the, product of x and y, therefore it 
is a term of the second degree and hence the equation is quad¬ 
ratic. It eoTi neither bo split up into linear factors nor does it 
represent a circle. 

Let us give a series of values greater than 8 to x and find 
the corresponding values of y. 



^ In the given equation x and y are interchangeable, there- 
ioro after obtaining x=y=\^^ the values of x and y have 
lioen interchanged. 


RATE OF CHANGE 
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Plot these points on a graph paper and join them a 
•smooth curve. 

Note. This is the curve for the distance of an object and 
the distance of the real image in a concave mirror or a convex 

1 1 1 

lens cf. - -\ -• 

Example 8. What will be the shape of the graph between 
T and I where T=2,r\/—(simple pendulum) ? 

If T is represented along the axis of y and I along the ax^ 
of a:, the formula in terms of the co-ordinates of a point on the 

eurve becomes 




477 ^ 


47r2 . 


9 


X 


477 , and g are constant, therefore — is also a constant. 


Thus the equation is of the form which represents 

a parabola, 

RATE OF CHANGE 



li7 T.et above figure represent a graph between any two 
PR parallel to the axis of x. 

Let e be the angle made by the straight line Q 

axis of X, 
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While the values of the abscissa changes from OM to ON 

,h. ordi..ate changes from PM to QN. m.. “ 

change MN in the abscissa, there is a change equal to QB m 

ortiiriate. 

Hate of change of one quantity with respect to is 

.ii lined as the ratio of th - change in the hrst quantity to t.ie 

101 ifctjonding change in the eccond. 

Thus rate of change of ordinate with respect to abscissa is 

, , _fan 

<*qvial to —can t/. 

When O approaches P and ultimately coincides vnTh it. the 
line PQ becomes the tangent at P and QE and PR become 

inrinitely small. 

Thus, the rate of change cf ordinate with respect 
:i( a given point on the curve 

. I'cle made with the axis cf r by the tangent o e ^ 
the point. 

Jn the language cf the differential calculus an infinitely 
tii.all change in the ordinate is denoted by dy and the corresr- 
f;(.‘tiaing sniall change in the abscissa is denoted by dXt there- 

ture ^^ = tan 0 for any point on a graph. 
dx 


Illustrations 

(1) If the cuive is a space time diagram (so© some book on 
ii.rLlianics) r?z., graph bctnecn time as aheciesa and distance 
tiavelUd by a moving body as ordinate, the rate of change of 

oidinate with respect to abscissa means the velocity of the 
bedy. Thus, the velocity at a point is found by drawing a 
(iiiigeiit to the curve at the given point and finding the tangent 
of Ojc angle made by it with the axis of x, 

i’J) If the graph between time and velocity the rate of 
chnnge means the acceleration and is found ns in (1), 

If the graph in (1) or (2) is a straight line, tangents to all 
ib( \ oirts on the curve make the same angle with the axis of 

ihcrcfi ic the velocity or acceleration is uniform. 


EXAMPMES 


153. 


EXAMPLES XXn 

Find the equation to the circle — 

1. Whose radius is 5 and centre is at ( — 2, 

2. )) n 2 ,, ,y is at (0, 2). 

7 

fy 2 yy 13 ^ 

4» M >1 3 J$ >> >> IS 8/t (3, 3)> 


-1). 


2 / 


Find the centres and radii of the following circles :— 

5. a;2-f-j/2+2a;-4t/ = 4. 6. x^+y^-\-l0x+l2y=S9, 

7 . x^^y^-^x=0. 8 . x^-\-y^+2{3x+4y)=0. 

9. (i) Obtain the general equation of a circle, 

(ii) Represent by a diagram the following circle in relation 
to its axes and determine the radius : — 

x^~{-y^~a{2x-^2y—a)=0. (P. U. 1930) 

10. (0 Obtain the equation of a parabola, referred to 
vertex as the origin and the axis as axis of x. 

(-.£/. 2929,2931,1938) 

(ii) An aeroplane moving horizontally at 60 ft. a 
second drops a bomb. If after t seconds the bomb has moved 
horizontally 60^ ft. and fallen vertically 16^^ ft. show that the 
path described is a parabola, and determine the latus rectum,, 
(latus rectum = 2a). (P- ^929) 

What will be the shape of the graph between— 

11 . V and t ; given (velocity and time in uniformly ' 

acceleraled motion) ? 

12. S and t in S = igt^ (bodies falling freely under the action 
of gravity) ? 

13. F and a in F=ma! (Newton's 2nd law) ? 

T2 and I in T—2tt\/ ^ (Simple pendulum)^ 

* /I 


14. 


15. 

16. 
17. 
18 

19. 


P h 

P and h in -j-(Inclined plane) % 

P and V in PV=fc (Boyle's law) ? 
log P and log V in PV=i (Boyle's law) ? 

V< and t in V<=V, (l + yt) (Charles’s Uw) * 

it-i-v and uv in —H- (lenses and mirrors) ? 

* V u f * 
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20. tan 


„ in =H tan 0 {DeHection magnetometer)? 

tf m ^3 


21. E and C in I ■ 


22. R ^ 


23 . ^ and 


1 


24 Transform the relation thTru ts of the 

period of a simple pendulum, so as to show ^ 

?orm of the equation of a parabola. 

[Hint : See Example 8 on page 151] 

25. What is the shape of the eurve relating the^-^^^Ji; ' 

cirele and its radius ? direction from the 

26. Astoneisthrown in a homon,^ d Eindthe 

top of a tower. Show that its pat ^ ^ atone is 

equation and the latus t^^^^'l^or^eeond at a plaee wh«s 

]'rr;r;S -in.?«;»”p.]<r. e. 

27. determine the form of the nd>X pet'od 

between L, the length of a 1 f’*’" i, showing the relation 
o Sati^n. Also prove that the graph showing ^ 

between L and is a straight line. 


=;■ tan 0 {Tangent galvanometer) >■ 

T? 

i;tan0 [Tangent galvanometer) ? 


R 
E 
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9550 

0572 

9394 

96IC 

9638 

9661 

9083 

9705 

9727 

9750 


r 

: 

\ ' 

r 16 iS :oi 

•99 

9772 

9793 

9817 

9S40 

% 

9863 

98S6 

' 9908 

993 » 

9954 

9977 

257 

' r 

* 

>4] t 6 iS 20 1 


■ 7 ^ I 'i 



ANSWERS 

Examples i. (Page 5). 

5. 99'4 cm. 6. 79 therrrs and 1, 

Examples 11. (Page 11). 

1 . -0006% approx. 2. *0012% approx. 

5. -0004486%. 6. -6714%. 

Examples 111. (Page 24). 


1. 

CO 

5, 4. 

2. 

•5785, 2 

;-5785, 

2-5785, 1-5785, 5-5785 

3. 

2984, 29840, 

298-4, *2984. 

4. 1-5050. 

5. 1*5474. 

6. 

‘1-4419. 


7. 

1*3380. 


* 

8. *6990. 

9. 

•7573. 


10. 

13-60, 

11. 

15210 

12, 2-429. 

13. 

•0:868. 


14. 

4-354. 

15. 

•9811. 

16. -2610 

17. 

•3219, 


18. 

•08085. 

19. 

•9145. 

, 20. ’06974. 

21. 

tail e (tangent galvanometer) 

22. 

L=KP^ 

23. 

■605. 


24. 

square 

root. 

25. 

1*794. 

26. 

99*40. 





27. 

161-4. 




Examples IV. 

(Page 

28). 


1 

4, 1. 

2. 

1, -2. 

3. 3, 

-2. 

4. 

-10, -7. 

5. 

8, -42 

. 6. 

3 2 

2» 3* 

7. 

_ 3 

i'* 

8. 

K 3 2 

Of 7 • 

9. 


10. 

3 _1 

2» i' 

11. 4, 

4 

5* 

12. 

6, -f. 

13. 

8, 

14. 

I 15 

50 • 

di A/O. 

16. 16,2, 

17. 

2, ^ 

18. 

24, 

19. 

3 

4 

• 

20. 1. 1/.- 

21. 

0, 

22. 

1. 

1 

23. 

fi 40 
13* 
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ELEMENTARY MATHEMATICS 







1 . 

5. 

9. 

12 . 


I. 1 . 

3. 

5. 

7. 

9. 

11 . 

13. 

16. 

20 . 

25. 

28. 


1 . 

5. 




25. a+b+c. 26. 
^ia+64-c+ V a^-j-b^-fc^—ab—bc—ca}. 

2ab ' 

Examples V. (Page 33). 



1 

. 2 . 

1 ‘25 

- 2 ri 

-A * 


6 . 

GO 

10 . 

21 , 6 



120 yds. and 121 yd«. 

Elxamples VI. 


3- 2,3. 4. ±l,±/3. 

7. 15,5. 8. l.i- 

11. 14, 11 ;-14. -n. 

13. 3. 14. 16 ; £5. 

(Page 37). 


Real and unequal. 

2. 

Real and equal. 



Real and unequal. 

4. 

Imaginary and unequal. 


Real and unequal. 

6. 

3x2-13x+3=0. 



25x2-25x4-6=0. 

8. 

a:*—4x4'l=0* 



x2-2x-l=0. 

10. 

6=0. 



x3-7x+12=0. 

12, 

x*-16x-1-36=0. 



a:2-25x-100=0. 

14. 

20. 15. 18. 



5. 

17. 

2. 18. 8. 

19. 

4. 

4. 21. V- 

23. 

2*2 sec. 

24. 

6 sec. 

(o) *4706 sec., 2*654 sec. 

(b) 4-511 sec. 

27. 

5 see. 


29. 2, 5 sec. 


Examples VIl. (Page 43) 


40. 

2. -11. 

3 . 4. 4. 74-2r. 

800. 

6 . 35 . 

a 

7. 25J. 8. -18. 9 . 425. 

n 

2(1- 

- j2+(.-3)V»}. 

11. 94, 860^3. 

iLj 

1 

x(n4-l)--2y(n+2) 

15» . » . t . etc, 

^444 
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u. 

3 5, 





16 

13 11 <» 


17. 

1640. 

18. 

—2S' 

5, ;i (). 

3 > 3 » 

. 19. 10. 

iV u> :+• 

20. 

s.' 

2i. 

.’6, 1 

.5. 


22. 

25. 23. 

I 7. 

24. 

'X -^0. 14. 

25. 

>1-. 



r>0 

1, -2,-5., 


27. 

4, f», .8. 

28. 


10, 15. 


29. 

Op —1. 


30. 

• 

33. 

<) • 

16. 

34. 

m4-7i—r, S5. 


36 









OIF* 





37. 

23C, 

240, 244.. 

f no 


Examples VIII 


J. 

243. 

2- i^.r. 

4. 


('^Jr' )■ 

7. 

23. 

1 

O 

00 

11. 

t- 12. 

13. 

15. 

Any G. P. 

, with r = 2. 

18. 

CsJ 

CO 

19. 2. 

24. 

4, 36. 

52, 


(Pa^e 50;, 
3. 243. 

5. —082 


10 . 


3367 
1530 ■ 

3{3+v'3) 

2 


V. 8, 12, IS, 27. 14- 5, 1, *i 


17. 16,24,36 

22. 6, -3, 2,. 


—r") 
— r 


26. 4'76 lb. per pq. inch 


Examples IX. (Page S6) 


(/) n“ (ii) 

an(a^n^\) ab(a”b^—l'i 
d^~l ■ ab~l ‘ 


C^-l) 8 “■ 

4. . 5. 1220. 

cO 


6. n(a-\-n —1 c?): n ix2d) 

6 

7- J(2«-M-fl)-2"+^ 8. 9. 00. 

JO, ?>-h2;pc—c 11. 256. 12. 4. 14. 71,74, 228.15.1,220 

Examples X. (Page 63) 

1, 1 —18a®4-1352^ —540G®-l-121oa'^—HoSa^o \ '72dd^K 






ELEMENTARY MATHEMATICS 


i6i 


2. 32a:^ - - SOx^^y + — 4 +1 Oxy* — y ^. 

3. 625-2000x+2400a:2-1280x3+256x4. 

4 ^45 _120^2jO_^2_^210_I20j^45 


1» 


1 


a 


a 


a' 


, -xt/ !▼ 1 

a« o’ "^ 0 “ •’ 


5- 2/'’4-5i,3+i0y+ ^ 


1 



-- + 

6 . l + Ja:—ix 2 +,V,a :3 ; 1 + lx. J^LONO I®L LIBRARY 

* x2 5-3 

’• 6 ~ 54 = 



3846 


8. I-a: + gi2_iOj-3 . g l-f^* + 2x=+Vx\ 1+x. 

1«. I+3x+i2=x2+'^^x3 ; l+3x. 11 . l + 2x+3x2+4r3 ; l+2x. 

12. —35750 x ' o . 13. 1+20^1^4 ^4 77 


SS. 


1664 


243a''’ 

19. I’OlOO 


16. 


S 1 

“420 


— a 


11 


16 

20. I,;j0,321. 


250’” 

17. -20123. I*. 099-99. 


1. -6501. 

5." 38‘’12'. 


Examples XI. (Page 69) 


2. 1-067. 

6. 40° 7'. 


3. -4508 

7. 86°26'. 


4. -2618.' 

5. 67°30' 


105°. 10. -0044 inch. 11. 112. 12. . 

12 1^ 

2 miles 1600 yds. 14. 31 416 miles per hour. 15. .*"5 ‘''17. 


Examples XII (Page 77). 


1 


19 


€% a 


(i) cos 
{v) all 

+ ’ +25 

-24 ’ ^ 


(n) tan 
(ft) tan 


,V^H 
~“ 7 “ ' 


23. 3. 


24* 

'/48* 
24. 48^ 


20 . 


(tti) sin 
(fit) all 
,V5 

± ty y ±:y/o. 


(if) tan 
(nil) cos 


2'> 


1 


1 

-[ 


r , 25. 2 7. 26. 2<s 

Examples XUI (Page 82). 

3- -i- 4. 2. 
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5. 

1. 

6. 

9. 

7 3 

1 • .> « 

8. 

30°. 


9. 

4o'\ 

10. 

30® ; 45°. 

11. 30°. 

12. 

75' 

• 

13. 

0 ®. 

14. 

135®. 








Examples 

XIV (Page 87) 




1. 

-v/3 

2 ■ 

2. 

-1. 3. 1. 

4 5 

^ VZ' 

1 

'/2- 

6. 

— cos A 

7. 

“COS A 

. 8. 

tan A. 13. cat^ A. 14. 

. 3. 

IS. 

-1. 




Examples 

XV (Page 92) 




2. 

•7711. 

3. 

•9625. 4. 

■9435. 5. •: 

>1927. 

6. 

•0910. 

7. 

— •6858. 

8. 

-•9178. 9. 

13°34', I66®26 

f 

» 

10. 

W2y. 

11. 

72®43'. 

12. 

82°57^ 13. 

108°45\ 


14. 

12V41 




Examples XVI (Page 1C3). 





33 


980 2499 

^ —85 




3. 

65' 

4. 

260r 2501* 

5- 36 

• 




1 


5 12 

„ 1 




6. 

3 ■ 

7. 

i3’ 13* 

8. „ ■ 
i 

• 




9. sin 


75“’ = 


v/3+1 


cos 


75® = 


2 Vi 


tan 


75®=2+v"3. 




Examples XVII (Page ' 

109). 

1. 

a=2, A = 

=30°, B=60®. 



2. 

c=12-65, 

A=I8°26', B = 7I°34'. 



3. 

a=20, A 

=B=45®. 4. b 

=4, 

ff=4 \ 3, B=30°. 

5. 

a=4, c= 

4-V2, B=4o®. 



6. 

a = 6 472, 

, 6=4-702, B=36®. 



7. 

c=39-39. 

a=30-4x. A=50®6. 



8. 

c==353, A 

t=39°36', B=50®24'. 



9. 

a = 1817. 

0=52.54, B-69°4(>'. 



10. 

5= 0477, 

c=-0622. B=50°. 


• 

11. 

a = 654*3, 

A=64°13, B=25°475 



12. 

a=6-273, 

A=64°27', B=25°.^3'. 



13. 

a=8390, ( 

:=8420, A=85® 27. • 



14. 

14'14, 20. 

1‘^ 42-79 ft. 

16. 

70°34'. 

17. 

164*1 ft. 

18. 524 0 ft. 

19. 

Both 70-99 ft. 

20. 

48‘7 ft. 

21. 300 ft. 

22. 

106 miles per hour; 


Kl.i:.MHNTARV MATHEMATICS 


’01 


1. 

60". 2. 0 

4. 

;vr»‘)7. uV'4 

7. 

12 7r,, VIM 

n 

2‘ 1 5 " n; 'f rf 

U. 


20. 

3 11). 21. 

1. 

4*47. 

S. 

5-39. 

1. 


4 


7. 

5r 1-3?/ f 15 

9. 

:-?r4-.3,7/- 2 = 

11. 

2j*-3v^4. 

14. 

15/4 ' 

17. 

(-3. -5,. 

20. 

2// |-3x==0. 

25. 

Ccincidt'ijt 

1. 

.rH/r-f 

3. 

(i.r- 

5 

(-1,2) ; ;{. 

7. 

: J. 

9. 

Draw a circ 


m. 

n. 

14. 

ifi. 

1R. 

? 0 . 

??. 

26. 


^•/amples XVIII (Page 129 J 

-I.-), 15-27^48', A = 90°12', 3. 0. 

5. 18 2.7. 0 '2ii'. 6. 13 90. Tr7'. 

0*. R. 0 coin 's to be 2 oi* 3 \vfii*‘h is im 
. no viiliio of 0 can satisfy this relation, 
s. 19. 9.7 ."> v(h. n. *492.7. 12. -34-4 sec 

■3fifl cm. 19. 13 8J pouiidals ; 30 on'. 

v^2. 

Examples XX (Page 136) 

2. 8 24 3. .7*60. 4. 500. 

6. 14 87. 7. 3-i:2\ 15. 

Examples XXI (Page 142) 

'• 2. .r-Vy3-2/3=:0. 3. 135^ 

5. a*-f-v~0, 6. I y-|-103?^ 11. 

'8. 3a:+2,v-fi=0. 

= 0. 10. a:-|-?/+4=0. 


-I- - 1 1C ^ 1 1C . V 1 

15/4 ' 3 : 0 '*"—5 \ 

—->1. 18. (1,-2). 19. " 

2// |-3x=0. 24 .'c=2. and x— — 2y. 

Oninci.I, i.ninps .r-l »/=0. —+^'=1.27. PV = 1 ,000. 

a o 

Examples XXII (Page 153) 

= 2. 4y=0. 

r 4-7y2 ■ (;.r-3;/_i=o. 4. .x2-fw2~6x—Cv4-9=0. 

> ‘I 6- (-5.-6) ; 10. 

. 8. (-3.-4); 5. 

J/iaw a cirr jo witfj (•( ntro at (a, a) and radius a, 

(’) Art. J.(l (li) 22.') ft. 11. StmiRhtline. 

Onp lirar,.', of jmrahnl.-i. 13. Slraighfc lino. 

Htrai..(|„o. 15 . Straight line. 

Pfotanenlar liypprlMiIa. 17. Straight line. 

Straight lino. 19 Straight line. 

Kppfangiilar h.yp.rhola. 21. Straight line. 

Kpot ingiilar hyiiprl)ola. 23. Straight line. 25. Parabola 

x- = 2r,0 y, l.atiis ro.tnni = 250 cm. 
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